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1Courant Institute of Mathematical Sciences
2Facebook AI Research

1 Introduction

The problem this paper is concerned with is that of unsupervised learning. Mainly,
what does it mean to learn a probability distribution? The classical answer to this
is to learn a probability density. This is often done by defining a parametric family
of densities (P✓)✓2Rd and finding the one that maximized the likelihood on our data:
if we have real data examples {x(i)}m

i=1, we would solve the problem

max
✓2Rd

1

m

mX

i=1

log P✓(x
(i))

If the real data distribution Pr admits a density and P✓ is the distribution of the
parametrized density P✓, then, asymptotically, this amounts to minimizing the
Kullback-Leibler divergence KL(PrkP✓).

For this to make sense, we need the model density P✓ to exist. This is not
the case in the rather common situation where we are dealing with distributions
supported by low dimensional manifolds. It is then unlikely that the model manifold
and the true distribution’s support have a non-negligible intersection (see [1]), and
this means that the KL distance is not defined (or simply infinite).

The typical remedy is to add a noise term to the model distribution. This is why
virtually all generative models described in the classical machine learning literature
include a noise component. In the simplest case, one assumes a Gaussian noise
with relatively high bandwidth in order to cover all the examples. It is well known,
for instance, that in the case of image generation models, this noise degrades the
quality of the samples and makes them blurry. For example, we can see in the
recent paper [23] that the optimal standard deviation of the noise added to the
model when maximizing likelihood is around 0.1 to each pixel in a generated image,
when the pixels were already normalized to be in the range [0, 1]. This is a very
high amount of noise, so much that when papers report the samples of their models,
they don’t add the noise term on which they report likelihood numbers. In other
words, the added noise term is clearly incorrect for the problem, but is needed to
make the maximum likelihood approach work.
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SUMMARY

Understanding the molecular programs that guide
differentiation during development is a major chal-
lenge. Here, we introduce Waddington-OT, an
approach for studying developmental time courses
to infer ancestor-descendant fates and model
the regulatory programs that underlie them. We
apply the method to reconstruct the landscape
of reprogramming from 315,000 single-cell RNA
sequencing (scRNA-seq) profiles, collected at
half-day intervals across 18 days. The results
reveal a wider range of developmental programs
than previously characterized. Cells gradually
adopt either a terminal stromal state or a mesen-
chymal-to-epithelial transition state. The latter
gives rise to populations related to pluripotent,
extra-embryonic, and neural cells, with each
harboring multiple finer subpopulations. The anal-
ysis predicts transcription factors and paracrine
signals that affect fates and experiments vali-
date that the TF Obox6 and the cytokine GDF9
enhance reprogramming efficiency. Our approach
sheds light on the process and outcome of reprog-

ramming and provides a framework applicable to
diverse temporal processes in biology.

INTRODUCTION

Waddington introduced two metaphors that shaped biological
thinking about cellular differentiation: first, trains moving along
branching railroad tracks and, later, marbles rolling through a
developmental landscape (Waddington, 1936, 1957). Studying
the actual landscapes, fates, and trajectories associated with
cellular differentiation and de-differentiation—in development,
physiological responses, and reprogramming—requires us to
answer questions such as: What classes of cells are present at
each stage? What was their origin at earlier stages? What are
their likely fates at later stages? What regulatory programs con-
trol their dynamics?
Approaches based on bulk analysis of cell populations are not

well suited to address these questions, because they do not pro-
vide general solutions to two challenges: discovering cell classes
in a population and tracing the development of each class.
The first challenge has been largely solved by the advent of

single-cell RNA sequencing (scRNA-seq) (Tanay and Regev,
2017). The second remains a work-in-progress. Because
scRNA-seq destroys cells in the course of recording their pro-
files, one cannot follow expression of the same cell and its direct

928 Cell 176, 928–943, February 7, 2019 ª 2019 Elsevier Inc.
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What this thesis is about
OT applications: challenges
Optimal transport is an old mathematical problem, with a rich theory still
actively studied and applications that are gaining momentum. But:

It is hard to compute efficiently;
It has unfavorable statistical properties.

Workarounds
Adding regularization to the primal problem:

Entropic [Cuturi 2013; J. Solomon et al. 2015; Genevay, Cuturi, et al.
2016; Genevay, Peyre, et al. 2018],
Quadratic [Dessein et al. 2018; Blondel et al. 2018], Tsallis [Muzellec,
Nock, et al. 2017],
Unbalanced [Frogner et al. 2015; Chizat et al. 2018; Schiebinger et al.
2019],

Modeling maps/potentials using Neural Networks:
Potentials: WGAN [Arjovsky et al. 2017],
Maps: [Seguy et al. 2018], ICNN [Makkuva et al. 2020].
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What this thesis is about

Workarounds (cont’d)
Fall back on cases with closed forms:

1D setting (Sliced Wasserstein): [Rabin et al. 2011; Bonneel et al.
2015; Titouan et al. 2019; Kolouri et al. 2019],

Gaussian/Elliptical distributions: [Heusel et al. 2017; Chen,
Georgiou, & Tannenbaum 2019], this thesis.

Contributions in this thesis
Leverage the particular case of OT between Gaussian/Elliptical
distr. to design efficient ML tools [NeurIPS’18];

Lift transport maps from low-dimensional projections, with closed
forms for Gaussians [NeurIPS’19];

Prove closed forms of Gaussian OT with entropic regularization and
unbalanced relaxation [NeurIPS’20];

Apply entropic OT to missing data imputation [ICML’20].
4 / 41



Monge’s problem

Monge’s Problem (1781)[1]

How to move earth with minimal effort w.r.t. cost function c(x, y)?

inf
T :Rd→Rd

∫
Rd
c(x, T (x))dµ(x) s.t. ∀A ⊂ Rd, ν(A) = µ(T−1(A)) (M)

µ
<latexit sha1_base64="CDLGUcovZZjK3f9bePotOGIFJyI=">AAAB+HicbVC7TsMwFL3hWcorlBGGiAqJqUpYYKxgYWwl+pCaqHKcm9aq85DtVC1RfgWxFVYm/oKZjU8hTTtAy5mOzzm+1z5uzJlUpvmlbWxube/slvbK+weHR8f6SaUto0RQbNGIR6LrEomchdhSTHHsxgJJ4HLsuKP7ud8Zo5AsCh/VNEYnIIOQ+YwSlUt9vZLaxZBUoJeldpBkWV+vmjWzgLFOrCWp1s8/mt8A0Ojrn7YX0STAUFFOpOxZZqyclAjFKMesbCcSY0JHZIA9b8xiGZIApZNOis2ZcelHwlBDNIrz73hKAimngZtnAqKGctWbi/95vUT5t07KwjhRGNI8knt+wg0VGfMWDI8JpIpPc0KoYPlDDTokglCVd1XOG7BW/7tO2tc1y6xZTatav4MFSnAGF3AFFtxAHR6gAS2gMIFnmMGr9qS9aDPtbRHd0JZ3TuEPtPcfZOaWdQ==</latexit><latexit sha1_base64="J7lwka5MhjjIQwVqjNB+eT6XPDs=">AAAB+HicbVC7TsMwFHXKq5RXKCMIWVRITFXCAmMFC2Mr0YfURJXj3LRWnYdsp2qJMvIbiK2wMvUvmPkGfoI07QAtZzo+5/he+zgRZ1IZxpdW2Njc2t4p7pb29g8Oj/TjckuGsaDQpCEPRcchEjgLoKmY4tCJBBDf4dB2hvdzvz0CIVkYPKpJBLZP+gHzGCUqk3p6ObHyIYkAN00sP07Tnl4xqkYOvE7MJanUzmaN7+fzWb2nf1puSGMfAkU5kbJrGpGyEyIUoxzSkhVLiAgdkj503RGLZEB8kHYyzjen+NILBVYDwPn5dzwhvpQT38kyPlEDuerNxf+8bqy8WzthQRQrCGgWyTwv5liFeN4CdpkAqvgkI4QKlj0U0wERhKqsq1LWgLn633XSuq6aRtVsmJXaHVqgiE7RBbpCJrpBNfSA6qiJKBqjFzRFb9qT9qpNtfdFtKAt75ygP9A+fgA++Zfb</latexit><latexit sha1_base64="UE4Rt3sVHFxOn51P+l6hnHyUZ+c=">AAAB+HicbVC7TsMwFHXKq5RXKCOLRYXEVCUsMFawMBaJPqQ2qhznprVqJ5HtVC1RfgWxFVZ+hJm/wQ0ZoOVMx+cc32sfP+FMacf5sipb2zu7e9X92sHh0fGJfVrvqjiVFDo05rHs+0QBZxF0NNMc+okEInwOPX96v/J7M5CKxdGTXiTgCTKOWMgo0UYa2fVsWAzJJAR5NhRpno/shtN0CuBN4pakgUq0R/bnMIhpKiDSlBOlBq6TaC8jUjPKIa8NUwUJoVMyhkEwY4mKiADlZfNic44vw1hiPQFcnH/HMyKUWgjfZATRE7XurcT/vEGqw1svY1GSaoioiRgvTDnWMV61gAMmgWq+MIRQycxDMZ0QSag2XdVMA+76fzdJ97rpOk330W207souqugcXaAr5KIb1EIPqI06iKI5ekFL9GY9W6/W0nr/iVas8s4Z+gPr4xtbu5Qw</latexit>

⌫
<latexit sha1_base64="xllHjAsiE67I9r0dZo6cOjiTCHA=">AAAB+XicbVC7TsMwFHXKq5RXoCOLRYXEVCUICcYKFsYi0VKpiSrHvWmtOg/5URFZ+RbEVlj5EGb+hjRkgJYzHZ9zfK99gpQzqRzny6ptbG5t79R3G3v7B4dH9vFJXyZaUOjRhCdiEBAJnMXQU0xxGKQCSBRweApmd0v/aQ5CsiR+VFkKfkQmMQsZJaqQRnbTeOUQE3ANufFinecju+W0nRJ4nbgVaaEK3ZH96Y0TqiOIFeVEyqHrpMo3RChGOeQNT0tICZ2RCQzHc5bKmEQgffNcrs7xeZgIrKaAy/PvuCGRlFkUFJmIqKlc9Zbif95Qq/DGNyxOtYKYFpHCCzXHKsHLGvCYCaCKZwUhVLDioZhOiSBUFWU1igbc1f+uk/5l23Xa7sNVq3NbdVFHp+gMXSAXXaMOukdd1EMUZegFLdCbZaxXa2G9/0RrVnWnif7A+vgGLuOUqw==</latexit><latexit sha1_base64="xllHjAsiE67I9r0dZo6cOjiTCHA=">AAAB+XicbVC7TsMwFHXKq5RXoCOLRYXEVCUICcYKFsYi0VKpiSrHvWmtOg/5URFZ+RbEVlj5EGb+hjRkgJYzHZ9zfK99gpQzqRzny6ptbG5t79R3G3v7B4dH9vFJXyZaUOjRhCdiEBAJnMXQU0xxGKQCSBRweApmd0v/aQ5CsiR+VFkKfkQmMQsZJaqQRnbTeOUQE3ANufFinecju+W0nRJ4nbgVaaEK3ZH96Y0TqiOIFeVEyqHrpMo3RChGOeQNT0tICZ2RCQzHc5bKmEQgffNcrs7xeZgIrKaAy/PvuCGRlFkUFJmIqKlc9Zbif95Qq/DGNyxOtYKYFpHCCzXHKsHLGvCYCaCKZwUhVLDioZhOiSBUFWU1igbc1f+uk/5l23Xa7sNVq3NbdVFHp+gMXSAXXaMOukdd1EMUZegFLdCbZaxXa2G9/0RrVnWnif7A+vgGLuOUqw==</latexit><latexit sha1_base64="xllHjAsiE67I9r0dZo6cOjiTCHA=">AAAB+XicbVC7TsMwFHXKq5RXoCOLRYXEVCUICcYKFsYi0VKpiSrHvWmtOg/5URFZ+RbEVlj5EGb+hjRkgJYzHZ9zfK99gpQzqRzny6ptbG5t79R3G3v7B4dH9vFJXyZaUOjRhCdiEBAJnMXQU0xxGKQCSBRweApmd0v/aQ5CsiR+VFkKfkQmMQsZJaqQRnbTeOUQE3ANufFinecju+W0nRJ4nbgVaaEK3ZH96Y0TqiOIFeVEyqHrpMo3RChGOeQNT0tICZ2RCQzHc5bKmEQgffNcrs7xeZgIrKaAy/PvuCGRlFkUFJmIqKlc9Zbif95Qq/DGNyxOtYKYFpHCCzXHKsHLGvCYCaCKZwUhVLDioZhOiSBUFWU1igbc1f+uk/5l23Xa7sNVq3NbdVFHp+gMXSAXXaMOukdd1EMUZegFLdCbZaxXa2G9/0RrVnWnif7A+vgGLuOUqw==</latexit>

x
<latexit sha1_base64="iGrErPlY0G3w09mj67MR13uQ80E=">AAAB5XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR26IUJszubmVkC2fAFxht69ZM8+zcOuAcF61TdVZ1UV5AIro3rfjmFre2d3b3ifung8Oj4pHx61tIyVQybTAqpOgHVKHiMTcONwE6ikEaBwHYwflzq7QkqzWX8bGYJ+hEdxjzkjBq7akz75YpbdVcgm8TLSQVy1Pvlz95AsjTC2DBBte56bmL8jCrDmcB5qZdqTCgb0yF2BxOe6JhGqP1suso6J1ehVMSMkKzm3/aMRlrPosB6ImpGel1bLv/TuqkJ7/2Mx0lqMGbWYrUwFcRIsnyZDLhCZsTMEsoUt0EJG1FFmbHFlGwD3vq/m6R1U/Xcqte4rdQe8i6KcAGXcA0e3EENnqAOTWCA8AILeHOGzquzcN5/rAUnvzmHP3A+vgEROIv0</latexit><latexit sha1_base64="iGrErPlY0G3w09mj67MR13uQ80E=">AAAB5XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR26IUJszubmVkC2fAFxht69ZM8+zcOuAcF61TdVZ1UV5AIro3rfjmFre2d3b3ifung8Oj4pHx61tIyVQybTAqpOgHVKHiMTcONwE6ikEaBwHYwflzq7QkqzWX8bGYJ+hEdxjzkjBq7akz75YpbdVcgm8TLSQVy1Pvlz95AsjTC2DBBte56bmL8jCrDmcB5qZdqTCgb0yF2BxOe6JhGqP1suso6J1ehVMSMkKzm3/aMRlrPosB6ImpGel1bLv/TuqkJ7/2Mx0lqMGbWYrUwFcRIsnyZDLhCZsTMEsoUt0EJG1FFmbHFlGwD3vq/m6R1U/Xcqte4rdQe8i6KcAGXcA0e3EENnqAOTWCA8AILeHOGzquzcN5/rAUnvzmHP3A+vgEROIv0</latexit><latexit sha1_base64="iGrErPlY0G3w09mj67MR13uQ80E=">AAAB5XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR26IUJszubmVkC2fAFxht69ZM8+zcOuAcF61TdVZ1UV5AIro3rfjmFre2d3b3ifung8Oj4pHx61tIyVQybTAqpOgHVKHiMTcONwE6ikEaBwHYwflzq7QkqzWX8bGYJ+hEdxjzkjBq7akz75YpbdVcgm8TLSQVy1Pvlz95AsjTC2DBBte56bmL8jCrDmcB5qZdqTCgb0yF2BxOe6JhGqP1suso6J1ehVMSMkKzm3/aMRlrPosB6ImpGel1bLv/TuqkJ7/2Mx0lqMGbWYrUwFcRIsnyZDLhCZsTMEsoUt0EJG1FFmbHFlGwD3vq/m6R1U/Xcqte4rdQe8i6KcAGXcA0e3EENnqAOTWCA8AILeHOGzquzcN5/rAUnvzmHP3A+vgEROIv0</latexit>

T (x)
<latexit sha1_base64="N/RsTQQLKAAtjGVGZvBznNUDkXs=">AAAB+3icbVBLTwIxGOz6RHytGk9eGokJXsiuMdEjwYtHTHglsCHdUqCh227aLkKa/THGG3r1d3j231jWPSg4p+nM9PvaCWNGlfa8L2djc2t7Z7ewV9w/ODw6dk9OW0okEpMmFkzITogUYZSTpqaakU4sCYpCRtrh5GHpt6dEKip4Q89jEkRoxOmQYqSt1HfPTS8bYmpSPPPUNNK0PLvuuyWv4mWA68TPSQnkqPfdz95A4CQiXGOGlOr6XqwDg6SmmJG02EsUiRGeoBHpDqY0VhxFRAVmli1P4dVQSKjHBGbn33GDIqXmUWgzEdJjteotxf+8bqKH94GhPE404dhGrDdMGNQCLouAAyoJ1mxuCcKS2odCPEYSYW3rKtoG/NX/rpPWTcX3Kv7Tbalay7sogAtwCcrAB3egCh5BHTQBBga8gAV4c1Ln1Vk47z/RDSe/cwb+wPn4BuXjlP0=</latexit><latexit sha1_base64="N/RsTQQLKAAtjGVGZvBznNUDkXs=">AAAB+3icbVBLTwIxGOz6RHytGk9eGokJXsiuMdEjwYtHTHglsCHdUqCh227aLkKa/THGG3r1d3j231jWPSg4p+nM9PvaCWNGlfa8L2djc2t7Z7ewV9w/ODw6dk9OW0okEpMmFkzITogUYZSTpqaakU4sCYpCRtrh5GHpt6dEKip4Q89jEkRoxOmQYqSt1HfPTS8bYmpSPPPUNNK0PLvuuyWv4mWA68TPSQnkqPfdz95A4CQiXGOGlOr6XqwDg6SmmJG02EsUiRGeoBHpDqY0VhxFRAVmli1P4dVQSKjHBGbn33GDIqXmUWgzEdJjteotxf+8bqKH94GhPE404dhGrDdMGNQCLouAAyoJ1mxuCcKS2odCPEYSYW3rKtoG/NX/rpPWTcX3Kv7Tbalay7sogAtwCcrAB3egCh5BHTQBBga8gAV4c1Ln1Vk47z/RDSe/cwb+wPn4BuXjlP0=</latexit><latexit sha1_base64="N/RsTQQLKAAtjGVGZvBznNUDkXs=">AAAB+3icbVBLTwIxGOz6RHytGk9eGokJXsiuMdEjwYtHTHglsCHdUqCh227aLkKa/THGG3r1d3j231jWPSg4p+nM9PvaCWNGlfa8L2djc2t7Z7ewV9w/ODw6dk9OW0okEpMmFkzITogUYZSTpqaakU4sCYpCRtrh5GHpt6dEKip4Q89jEkRoxOmQYqSt1HfPTS8bYmpSPPPUNNK0PLvuuyWv4mWA68TPSQnkqPfdz95A4CQiXGOGlOr6XqwDg6SmmJG02EsUiRGeoBHpDqY0VhxFRAVmli1P4dVQSKjHBGbn33GDIqXmUWgzEdJjteotxf+8bqKH94GhPE404dhGrDdMGNQCLouAAyoJ1mxuCcKS2odCPEYSYW3rKtoG/NX/rpPWTcX3Kv7Tbalay7sogAtwCcrAB3egCh5BHTQBBga8gAV4c1Ln1Vk47z/RDSe/cwb+wPn4BuXjlP0=</latexit>

T
<latexit sha1_base64="EB0sSB5glh8Fg4lod4Ajop1ssSU=">AAAB+HicbVC7TsMwFL0pr1JeoYwsFhUSU5UgJBirsjAWqS+pjSrHdVurjh3ZTmmJ8iuIrbDyI8z8DWnIAC1nOj7n+F77+CFn2jjOl1XY2t7Z3Svulw4Oj45P7NNyW8tIEdoikkvV9bGmnAnaMsxw2g0VxYHPacef3q/8zowqzaRomkVIvQCPBRsxgk0qDexy3M+GxHUln0QSN5NkYFecqpMBbRI3JxXI0RjYn/2hJFFAhSEca91zndB4MVaGEU6TUj/SNMRkise0N5yxUAscUO3F82xzgi5HUiEzoSg7/47HONB6EfhpJsBmote9lfif14vM6M6LmQgjQwVJI6k3ijgyEq1aQEOmKDF8kRJMFEsfisgEK0xM2lUpbcBd/+8maV9XXafqPt5UavW8iyKcwwVcgQu3UIMHaEALCMzhBZbwZj1br9bSev+JFqz8zhn8gfXxDTAalBY=</latexit><latexit sha1_base64="EB0sSB5glh8Fg4lod4Ajop1ssSU=">AAAB+HicbVC7TsMwFL0pr1JeoYwsFhUSU5UgJBirsjAWqS+pjSrHdVurjh3ZTmmJ8iuIrbDyI8z8DWnIAC1nOj7n+F77+CFn2jjOl1XY2t7Z3Svulw4Oj45P7NNyW8tIEdoikkvV9bGmnAnaMsxw2g0VxYHPacef3q/8zowqzaRomkVIvQCPBRsxgk0qDexy3M+GxHUln0QSN5NkYFecqpMBbRI3JxXI0RjYn/2hJFFAhSEca91zndB4MVaGEU6TUj/SNMRkise0N5yxUAscUO3F82xzgi5HUiEzoSg7/47HONB6EfhpJsBmote9lfif14vM6M6LmQgjQwVJI6k3ijgyEq1aQEOmKDF8kRJMFEsfisgEK0xM2lUpbcBd/+8maV9XXafqPt5UavW8iyKcwwVcgQu3UIMHaEALCMzhBZbwZj1br9bSev+JFqz8zhn8gfXxDTAalBY=</latexit><latexit sha1_base64="EB0sSB5glh8Fg4lod4Ajop1ssSU=">AAAB+HicbVC7TsMwFL0pr1JeoYwsFhUSU5UgJBirsjAWqS+pjSrHdVurjh3ZTmmJ8iuIrbDyI8z8DWnIAC1nOj7n+F77+CFn2jjOl1XY2t7Z3Svulw4Oj45P7NNyW8tIEdoikkvV9bGmnAnaMsxw2g0VxYHPacef3q/8zowqzaRomkVIvQCPBRsxgk0qDexy3M+GxHUln0QSN5NkYFecqpMBbRI3JxXI0RjYn/2hJFFAhSEca91zndB4MVaGEU6TUj/SNMRkise0N5yxUAscUO3F82xzgi5HUiEzoSg7/47HONB6EfhpJsBmote9lfif14vM6M6LmQgjQwVJI6k3ijgyEq1aQEOmKDF8kRJMFEsfisgEK0xM2lUpbcBd/+8maV9XXafqPt5UavW8iyKcwwVcgQu3UIMHaEALCMzhBZbwZj1br9bSev+JFqz8zhn8gfXxDTAalBY=</latexit>

Challenge: existence of a solution (ex: Dirac to 2 half-Diracs 7).

[1] G. Monge. “Mémoire sur la théorie des déblais et des remblais”. Histoire de l’Académie
Royale des Sciences de Paris [1781]. 5 / 41



Kantorovich’s problem
Kantorovich’s Problem (1942)[2]

How to transport goods at a minimal cost?

inf
π∈P(Rd×Rd)

∫∫
Rd×Rd

c(x, y)dπ(x, y) s.t. p1]π = µ, p2]π = ν (K)

Transportation Plans

Π(µ, ν)def= {π∈P(Rd × Rd) : p1]π = µ, p2]π = ν}, p1(x, y) = x, p2(x, y) = y.

Existence of a solution under very mild conditions.
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[2] L. V. Kantorovich. “On the translocation of masses”. Dokl. Akad. Nauk. USSR. 1942.
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Computing OT in practice

Discrete-discrete: LP in O(n3 logn), regularized approaches[3] in O(n2).

Discrete-continuous: density approx on grid[4], stochastic approx[5].

Continuous-continuous: In general, difficult.
In low dimension, if c = ‖ · ‖2:

Benamou-Brenier’s[6] dynamic formulation (variational problem),
Equivalent to Monge-Ampère PDE (by Brenier’s theorem[7]),

In high dimension:
NN parameterization of potentials[8] or maps[9] (very active in ML),
Closed forms (this thesis):

Project to low dimension: Sliced Wasserstein[10][11],
Gaussians[12][13][14], Elliptical distributions[15].

[3] Cuturi 2013; [4] Mérigot 2011; [5] Genevay, Cuturi, et al. 2016; [6] Benamou et al. 2000;
[7] Brenier 1987; [8] Arjovsky et al. 2017; [9] Makkuva et al. 2020; [10] Rabin et al. 2011; [11]
Bonneel et al. 2015; [12] Dowson et al. 1982; [13] Olkin et al. 1982; [14] Takatsu 2011; [15]
Gelbrich 1990.
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Seminal closed forms
Regularizing the data to fall back to closed forms:

1-dimensional OT
If µ, ν ∈ P(R), quantile functions F−1

µ , F−1
ν , c(x, y) = c(|x− y|), c convex,

OT(µ, ν) =
∫ 1

0
c(|F−1

µ (x)− F−1
ν (x)|)dx.

(Used in Sliced Wasserstein [Rabin et al. 2011; Bonneel et al. 2015].)

Bures-Wasserstein Geometry
Gaussian and elliptical distributions[4] with c(x, y) = ‖x− y‖2.
Let α = N (a,A), and β = N (b,B). Then,

OT(α, β) = ‖mα −mβ‖2 + B2(A,B)

= ‖mα −mβ‖2 + TrA + TrB− 2Tr(A
1
2 BA

1
2 )

1
2 .

(E.g. FID [Heusel et al. 2017], GMM-OT [Chen, Georgiou, & Tannenbaum 2019], this thesis.)

[4] M. Gelbrich. “On a formula for the L2 Wasserstein metric between measures on Euclidean
and Hilbert spaces”. Mathematische Nachrichten [1990]. 8 / 41



Contributions of this thesis

Algorithms to optimize Bures-Wasserstein large ML applications,
leveraging Riemannian structure for projection-free gradients & backprop.

Methods to extract maps and plans defined on the full space from
subspace projections, in closed forms for Gaussian measures.

Entropic regularization and unbalanced relaxation of
the Bures-Wasserstein geometry in closed form.

Distribution-preserving missing data imputation using
entropy-regularized OT (not in this presentation).
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Outline

Reminders: The Bures-Wasserstein Geometry on Elliptical Distributions

Learning with BW: Computing and Differentiating BW [NeurIPS’18]

Building OT Plans on Subspace Projections [NeurIPS’19]

Unbalanced Entropic OT for Gaussian Measures [NeurIPS’20]
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Elliptical Distributions
Generalization of Gaussians: densities with elliptical level sets.

Definition (Elliptical Distributions[5])
Let a ∈ Rd,A ∈ Sd+. Let λImA denote the Lebesgue measure over ImA.
An elliptical distribution with mean a and scale parameter A is a
probability measure of the form

dµg,a,A(x) = g
(
(x− a)>A†(x− a)

)
dλImA(x),

with g : Rd → R+ s.t.
∫

ImA g(‖x‖2A†)dλImA(x) = 1, and A† is the
pseudo-inverse of A.

Examples:
Dirac measures (A = 0),
Gaussian distributions (g(·) ∝ exp(− · /2)),
Uniform measure on ellipsoids (g(·) ∝ 1·≤1), ... ↵
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[5] M. Gelbrich. “On a formula for the L2 Wasserstein metric between measures on Euclidean
and Hilbert spaces”. Mathematische Nachrichten [1990]. 11 / 41



The Bures-Wasserstein Geometry
From now on, c(x, y) = ‖x− y‖2:

OT defines the 2-Wasserstein distance: OT(µ, ν) = W 2
2 (µ, ν).

Theorem (Bures-Wasserstein Distance[6])
Let α and β be two elliptical distributions from the same family. Then,

W 2
2 (α, β) = ‖mα −mβ‖2 + B2(Covα,Cov β),

with Cov(α) def= EX∼α[(X −mα)(X −mα)>] ∝ A.

Definition (Bures Distance[7][8])

∀A,B ∈ Sd+, B2(A,B) def= TrA + TrB− 2Tr(A1/2BA1/2)1/2.

Defines a Riemannian metric on PSD matrices.
[6] M. Gelbrich. “On a formula for the L2 Wasserstein metric between measures on Euclidean
and Hilbert spaces”. Mathematische Nachrichten [1990].
[7] D. Bures. “An extension of Kakutani’s theorem on infinite product measures to the tensor
product of semifinite w*-algebras”. Trans. of the Am. Math. Soc. [1969].
[8] R. Bhatia et al. “On the Bures-Wasserstein distance between positive definite matrices”.
Expositiones Mathematicae [2018]. 12 / 41



Elliptical Monge Maps and Geodesics
Proposition (Gelbrich, 1990[9])
Let α = µg,a,A and β = µg,b,B be two elliptical distributions from the
same family, s.t. ImB ⊂ ImA. Then, Tαβ : x 7→ TAB(x− a) + b with

TAB def= A†/2(A1/2BA1/2)1/2A†/2

is the Monge map from α to β, where A†/2 is the pseudo-inverse of A1/2.

Riemannian geodesics[10]

CAB(t) = [(1− t)Id + tTAB]A[(1− t)Id + tTAB]
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[9] M. Gelbrich. “On a formula for the L2 Wasserstein metric between measures on Euclidean
and Hilbert spaces”. Mathematische Nachrichten [1990].
[10] A. Takatsu. “Wasserstein geometry of Gaussian measures”. Osaka J. Math. [2011].
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Outline

Reminders: The Bures-Wasserstein Geometry on Elliptical Distributions

Learning with BW: Computing and Differentiating BW [NeurIPS’18]

Building OT Plans on Subspace Projections [NeurIPS’19]

Unbalanced Entropic OT for Gaussian Measures [NeurIPS’20]
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Gradient-Based Optimization

Many ML apps. can be cast as min problems. E.g. minθ Ex∼P [lθ(x)].
Classic method: (stochastic) gradient descent θ ← θ − η∇θlθ(xi).

Bures-Wasserstein as a loss function
To fit models using Bures-Wasserstein as a loss, we need to be able to
perform gradient steps. E.g. barycenter problem:

Minimization problem: min
α=N (a,A)

∑
i

W 2
2 (α, βi),

Gradient updates: A← A− η∇A
∑
i

W 2
2 (α, βi)

Can be generalized using chain rule and backprop to minα f(W 2
2 (α, β)).
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Computing and Differentiating the Bures Metric

B2(A,B) = TrA + TrB− 2Tr(A1/2BA1/2)1/2

Challenge: How to compute and differentiate Bures?

Naive idea: differentiate matrix square roots with SVD. But:
Expensive, hard to parallelize (in batches) on GPUs?[a]

Automatic differentiation can be unstable (e.g. with non-distinct
singular values, or singular matrices)

[a] Supported from TensorFlow 1.12.0 (8/11/2018) and Pytorch 1.2.0 (8/8/2019).

Explicit differentiation amounts to solving the Lyapunov equation:

(DA1/2)[H]A1/2 + A1/2(DA1/2)[H] = H.

16 / 41



The Monge Map is All You Need

The Bures distance and its gradient can be computed from TAB.

B2(A,B) = TrA + TrB− 2Tr(A1/2BA1/2)1/2

= TrA + TrB− 2Tr(ATAB).

Proposition (Bures Gradient)
Let A,B ∈ Sd+ s.t. ImB ⊂ ImA. Then ∇AB2(A,B) = Id −TAB.

If we need both ∇AB2(A,B) and ∇BB2(A,B), we need an efficient
method to compute

TAB = A−1/2(A1/2BA1/2)1/2A−1/2, and
TBA = B−1/2(B1/2AB1/2)1/2B−1/2 = (TAB)−1.

17 / 41



Elliptical Monge Maps and Matrix Sign Function

Theorem (Higham, Mackey, Tisseur[11])
Let A,B ∈ Sd++. Then

sign
(

0 B
A 0

)
=
(

0 TAB

TBA 0

)
,

where sign(M) def= M
(
M2)−1/2.

TAB and TBA can be obtained using matrix sign iterations.

[11] N. J. Higham. Functions of Matrices: Theory and Computation. SIAM, 2008.
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Newton-Schulz iterations
Newton-Schulz iterations

Yk+1 = 1
2Yk(3Id −YkZkYk), Y0 = B

Zk+1 = 1
2Zk(3Id − ZkYkZk), Z0 = A

Proposition (Higham[12])
If ‖Id−

( 0 B
A 0

)2‖op < 1, then Yk → TAB and Zk → TBA quadratically[a].

[a] i.e. ∃c > 0, ‖Yk+1 −TAB‖op ≤ c‖Yk −TAB‖2
op, and likewise for Zk.

Why bother?
Easy to parallelize on GPUs (only requires matrix multiplications)
Yields both TAB and TBA: we get ∇AB2(A,B) and ∇BB2(A,B)

We can now use the Bures-Wasserstein distance
in gradient-based optimization.

[12] N. J. Higham. Functions of Matrices: Theory and Computation. SIAM, 2008.
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Dealing with PSD constraints: avoiding projections

Last issue
A− t∇AB2(A,B) is not necessarily PSD.
Projected gradient descent requires eigen-decomposition.

Classic workaround
Use a A = Π(LA) def= LALA

T parameterization.
Effect on gradient methods?

Riemannian geodesics at the cost of Euclidean descent[13]

∇LA
1
2B

2(LALA
T ,B) = (Id −TAB)LA

Riem. geodesics: CAB(t) = [(1− t)Id + tTAB]A[(1− t)Id + tTAB]

"Π(·) makes B2 flat" : LA − t∇LA
1
2B

2(A,B) ∈ Π−1{CAB(t)}

[13] B. Muzellec & M. Cuturi. “Generalizing Point Embeddings using the Wasserstein Space of
Elliptical Distributions”. NeurIPS. 2018.
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Application: Learning Representations

Problem: find representations for objects x in some space X (e.g. words,
graphs, high-dimensional vectors...)

Classic approach: represent each x as a point y ∈ Rk[14].
Elliptical embeddings [15]: represent each x as an ell. distr. α with
params a ∈ Rk and A ∈ Sk+. Use Bures-Wasserstein geometry.
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[14] Figure from T. Mikolov et al. “Distributed representations of words and phrases and their
compositionality”. NeurIPS. 2013.
[15] B. Muzellec & M. Cuturi. “Generalizing Point Embeddings using the Wasserstein Space of
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Elliptical Word Embeddings
Advantage: encodes uncertainty, or spread.

Training: min
∑
w

∑
c∈Pos(w)

[
M − [µw : νc]] + 1

n

∑
c′∈Neg(w)

[µw : νc′ ]
]

+

ALL MODELS ARE WRONG BUT SOME ARE USEFUL

ALL MODELS ARE WRONG BUT SOME ARE USEFUL

ALL MODELS ARE WRONG BUT SOME ARE USEFUL
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Polarization: [α : β] def= 〈a, b〉+ Tr(A1/2BA1/2)1/2

Datasets
ukWaC + WaCkypedia: 3 billion tokens, 250K unique[16]
WordNet: DAG, 80K unique nouns, 740K relationships[17]

Implementation: cupy (GPU) + cython, on GitHub.

Table 1: Spearman rank correlation scores
on similarity datasets, compared with [Vil-
nis & McCallum’15]

Dataset W2G/45/C Ell/12/CM
SimLex 25.09 24.09

WordSim 53.45 66.02
WordSim-R 61.70 71.07
WordSim-S 48.99 60.58

MEN 65.16 65.58
MC 59.48 65.95
RG 69.77 65.58
YP 37.18 25.14

MT-287 61.72 59.53
MT-771 57.63 56.78

RW 40.14 29.04
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on similarity datasets, compared with [Vil-
nis & McCallum’15]
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WordSim 53.45 66.02
WordSim-R 61.70 71.07
WordSim-S 48.99 60.58
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Similarity Benchmark: Spearman Rank Correlation

[16] L. Vilnis et al. “Word representations via Gaussian embedding”. ICLR [2015].
[17] M. Nickel et al. “Poincaré Embeddings for Learning Hierarchical Representations”. NeurIPS.
2017.
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Outline

Reminders: The Bures-Wasserstein Geometry on Elliptical Distributions

Learning with BW: Computing and Differentiating BW [NeurIPS’18]

Building OT Plans on Subspace Projections [NeurIPS’19]

Unbalanced Entropic OT for Gaussian Measures [NeurIPS’20]
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Projected OT variants

Average on 1D projections[18]

SW(µ, ν) def= Eθ∼Sd−1 [OT(θ>]µ, θ>]ν)].

Projection on adversarially-selected k-D subspace[19]

P 2
k (µ, ν) def= max

E:dim(E)=k
W2(pE]µ, pE]ν).

Yields better computational and statistical properties than vanilla OT.

Lifting from subspace to the full space
Projecting first, transporting next is promising, but it restricts OT to

happen in the projected space. Can we recover a plan in the entire space?

[18] J. Rabin et al. “Wasserstein barycenter and its application to texture mixing”. SSVM. 2011.
[19] F.-P. Paty et al. “Subspace Robust Wasserstein Distances”. ICML. 2019.
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Subspace OT
Definition (Subspace-Optimal Plans, Muzellec & Cuturi, 2019)

E a k-dimensional subspace of Rd, projection operator pE ,
µ, ν ∈ P2(Rd), µE := pE]µ (resp. νE := pE]ν),
S a Monge map from µE to νE .

E-optimal plans: ΠE(µ, ν) def= {π ∈ Π(µ, ν) : (pE , pE)]π = (idE , S)]µE}.

Existence guaranteed by the "Gluing Lemma":

Gluing Lemma[20][21]

Given (X1, X2) ∼ (µ1, µ2) and (Y2, Y2) ∼ (µ2, µ3), there exists
(Z1, Z2, Z3) s.t. (Z1, Z2) ∼ (µ1, µ2) and (Z2, Z3) ∼ (µ2, µ3)

What are the degrees of freedom in ΠE(µ, ν)?

[20] I. Berkes et al. “An almost sure invariance principle for the empirical distribution function of
mixing random variables”. Probability Theory and Rel. Fields [1977].
[21] C. Villani. Optimal transport: old and new. 2008.
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Characterization of Subspace-Optimal Plans

Proposition (Muzellec & Cuturi, 2019)
Let π ∈ ΠE(µ, ν). Then (equivalently),

π is supported on G(S)×E⊥, where G(S) def= {(xE , S(xE) : xE ∈ E};
π is characterized by its disintegration on G(S): πxE ,S(xE), xE ∈ E.

x

xE S(xE)

{xE} × E {S(xE)} × E

E

E

E

S(xE)
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Monge-Knothe Transport

Definition (Monge-Knothe Transport)

∀xE ∈ E, let T̂ (xE ; ·) : E⊥ → E⊥ denote the Monge map from µxE to
νS(xE). The Monge-Knothe transportation map is defined as

TMK :E ⊕ E⊥ → E ⊕ E⊥

(xE , xE⊥) 7→ (S(xE), T̂ (xE ;xE⊥)).

Proposition (Muzellec & Cuturi, 2019)
The Monge-Knothe plan is optimal in ΠE(µ, ν), namely

πMK ∈ arg min
γ∈ΠE(µ,ν)

E(X,Y )∼γ [‖X − Y ‖2].
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MK transport for Gaussians

Proposition (Muzellec & Cuturi, 2019)
The MK transport map on E between α = N (0d,A) and β = N (0d,B) is
linear, and represented by the following matrix:

TMK =
(

TAEBE 0k×(d−k)[
B>
EE⊥(TAEBE )−1 −T(A/AE)(B/BE)A>

EE⊥

]
(AE)−1 T(A/AE)(B/BE)

)
.

A =
(

AE A
EE⊥

AT
EE⊥

A
E⊥

)
,B =

(
BE B

EE⊥
BT
EE⊥

B
E⊥

)
Schur complements:

A/AE

def= AE⊥ −AT
EE⊥A−1

E AEE⊥

Prop: A/AE = CovX∼α(XE⊥ |XE)

0

1

(a) Usual Monge Interpolation
E

0

1

(b) MK Interpolation through E
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Application: Color transfer

KMeans quantization in 3D RGB space, 3000 clusters.
1D OT in gray space: O(n logn) time.

Extend with MK map (small 3D problems): ∼ ×50 speedup.
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Outline

Reminders: The Bures-Wasserstein Geometry on Elliptical Distributions

Learning with BW: Computing and Differentiating BW [NeurIPS’18]

Building OT Plans on Subspace Projections [NeurIPS’19]

Unbalanced Entropic OT for Gaussian Measures [NeurIPS’20]
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Regularizing OT: A Recap
Real data comes in a discrete form: µ̂ = 1

n

∑n
i=1 δxi . What to do with it?

Regularizing the problem

Re
gu

la
riz

in
g 

th
e 

da
ta

Vanilla OT
Linear Program

O(n3 log n)
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1D Projections

Sliced Wasserstein

Elliptical Dist.

Bures-Wasserstein

Entropic OT
Sinkhorn Algo.

O(n2)
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Unbalanced OT
Generalized Sinkhorn
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Regularizing OT: A Recap
Real data comes in a discrete form: µ̂ = 1

n

∑n
i=1 δxi . What to do with it?

Here be dragons

Regularizing the problem

Re
gu

la
riz

in
g 

th
e 

da
ta

Vanilla OT
Linear Program

O(n3 log n)
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1D Projections

Sliced Wasserstein

Elliptical Dist.

Bures-Wasserstein

Entropic OT
Sinkhorn Algo.

O(n2)
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O(n2)
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Unbalanced OT
Generalized Sinkhorn
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Entropy-regularized OT: Reminders

Primal Problem

OTσ(µ, ν) def= min
π∈Π(µ,ν)

∫∫
Rd×Rd

‖x− y‖2dπ(x, y) + 2σ2 KL(π‖µ⊗ ν).

Dual Problem

OTσ(µ, ν) = max
f∈L2(µ)
g∈L2(ν)

Eµ(f) + Eν(g)− 2σ2(
∫∫

Rd×Rd
e
f(x)+g(y)−‖x−y‖2

2σ2 dµ(x)dν(y)− 1).

Sinkorn iterations

gn+1(y) = −2σ2 log
∫
Rd
e
−‖x−y‖2+fn(x)

2σ2 dµ(x),

fn+1(x) = −2σ2 log
∫
Rd
e
−‖x−y‖2+gn+1(y)

2σ2 dν(y).

Primal-Dual Relationship

dπ?
dµdν (x, y) = e

f?(x)+g?(y)−‖x−y‖2

2σ2

(fn, gn) −−−−−→
n→+∞

(f?, g?)

[21] M. Cuturi. “Sinkhorn distances: Lightspeed computation of OT”. NeurIPS. 2013.
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Related Work

Prior work in economics and control theory [BG16][22]& [CGP16][23]:
closed forms for Gaussian Ent-OT.
Subsequent work [MGM20][24]& [BL20][25]: closed forms for Gaussian
Ent-OT & Sinkhorn barycenters restricted to Gaussian measures.

Novel contributions (Janati, Muzellec, et al. 2020)
1 Properties of Entropic Bures: convexity, gradients, minimizers;
2 Sinkhorn barycenters restricted to sub-Gaussian measures;
3 Closed forms for unbalanced Ent-OT with Gaussians.

[22] R. Bojilov et al. “Matching in closed-form: equilibrium, identification, and comparative
statics”. Economic Theory [2016].
[23] Y. Chen, T. T. Georgiou, & M. Pavon. “On the relation between optimal transport and
Schrödinger bridges: A stochastic control viewpoint”. Jour. of Optim. Th. and App. [2016].
[24] A. Mallasto et al. “Entropy-Regularized 2-Wasserstein Distance between Gaussian Measures”.
arXiv preprint [2020].
[25] E. del Barrio et al. “The statistical effect of entropic regularization in optimal transportation”.
arXiv preprint [2020].

33 / 41



Entropic OT for Gaussians

Theorem (Janati, Muzellec, et al. 2020)
Let A,B ∈ Sd++, α ∼ N (a,A) and β ∼ N (b,B).
Let Dσ = (4A1/2BA1/2 + σ4Id)1/2. Then,

OTσ(α, β) = ‖a − b‖2 + B2
σ(A,B), where

B2
σ(A,B) = Tr(A + B−Dσ) + σ2 log det

(
Dσ + σ2Id

)
+ dσ2(1− log(2σ2)).

Moreover, the entropic optimal transportation plan is also a Gaussian over
Rd × Rd: π? = N

(
( a

b ),
(

A Cσ

C>σ B

))
, with Cσ = 1

2A1/2DσA−1/2 − σ2

2 Id

Proposition (Janati, Muzellec, et al. 2020)

∇AB2
σ(A,B) = Id −B1/2

(
(B1/2AB1/2 + σ4

4 Id)1/2 + σ2

2 Id
)−1

B1/2,

B2
σ(A,B) is convex in A and in B, but not jointly.
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Some elements of the proof
Main points

The optimal potentials (f?, g?) contain all the information;

Sinkhorn iterations preserve quadratic forms Q(H) def= x 7→ xTHx.

Lemma (Janati, Muzellec, et al. 2020)
Let U0 = V0 = 0, f0 = Q(U0), g0 = Q(V0)
Then ∀n ≥ 0, fn2σ2 = Q(Un) and gn

2σ2 = Q(Vn), with

Vn+1 = 1
σ2 ((σ2Un + σ2A−1 + Id)−1 − Id),

Un+1 = 1
σ2 ((σ2Vn+1 + σ2B−1 + Id)−1 − Id).

After change of variables: Gn+1 = σ2B−1 + F−1
n ,Fn+1 = σ2A−1 + G−1

n+1.

Leads to fixed-point equation C2
σ + σ2Cσ −AB = 0.
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Sinkhorn Debiased Barycenters for Gaussians
Sinkhorn Divergences[26]

Sσ
def= (µ, ν) 7→ OTσ(µ, ν)− 1

2(OTσ(µ, µ) + OTσ(ν, ν))

Theorem (Janati, Muzellec, et al. 2020)

G def= {µ ∈ P2|∃q > 0, Eµ(eq‖X‖2) < +∞} (sub-Gaussian measures).
αk ∼ N (ak,Ak), wk ∈ R+, k = 1, ...,K, s.t.

∑K
k=1wk = 1.

The debiased barycenter β(bar) def= argminβ∈G
∑K
k=1wkSσ(αk, β)

is given by β(bar) = N (
∑K
k=1wkak,B), where B ∈ Sd+ is a solution of

K∑
k=1

wk(B1/2AkB1/2 + σ4

4 Id)1/2 = (B2 + σ4

4 Id)1/2.

Generalizes the Bures barycenter equation[27].
[26] A. Genevay, G. Peyre, et al. “Learning Generative Models with Sinkhorn Divergences”. AIS-
TATS. 2018.
[27] M. Agueh et al. “Barycenters in the Wasserstein space”. SIAM [2011]. 36 / 41



Entropy-regularized Unbalanced OT

Remove the π ∈ Π(µ, ν) constraints, replace them with a KL penalty.

Unblanced Ent-OT[28][29]

UOTσ,γ(µ, ν) def= inf
π∈M+

2

{ ∫∫
Rd×Rd

‖x− y‖2dπ(x, y) + 2σ2 KL(π‖µ⊗ ν)

+ γKL(π1‖µ) + γKL(π2‖ν)
}
. (1)

Proposition
Assume π∗ is a solution of (1). Then

UOTσ,γ(µ, ν) = γ(mµ +mν) + 2σ2mµmν − 2(σ2 + γ)π∗(Rd ×Rd). (2)

[28] C. Frogner et al. “Learning with a Wasserstein Loss”. NeurIPS. 2015.
[29] L. Chizat. “Unbalanced optimal transport: Models, numerical methods, applications”. PhD
thesis. 2017. 37 / 41



Entropic Unbalanced OT for Gaussians

Theorem (Janati, Muzellec, et al. 2020)

Let α = mαN (a,A) and β = mβN (b,B) be two unnormalized Gaussian
measures. Then

The unbalanced optimal transport plan, minimizer of (1), is an
unnormalized Gaussian over Rd × Rd: π? = mπ?N (m,H),
UOTσ,γ can be derived using (2) with π?(Rd × Rd) = mπ? .

m,H and mπ are in closed form.

Remark
Contrary to balanced (entropic) OT, we cannot consider the centered

problem without loss of generality!
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Some elements of the proof
Unbalanced Ent-OT: Dual Problem[30]

sup
f∈L2(µ)
g∈L2(ν)

{
γ
∫
Rd(1− e

− f
γ )dµ+ γ

∫
Rd(1− e

− g
γ )dν − 2σ2 ∫∫

Rd×Rd
(e
−‖x−y‖2+f(x)+g(y)

2σ2 − 1)dµ(x)dν(y)
}
.

Generalized Sinkorn iterations[30]

gn+1(y) = −τ log
∫
Rd
e
−‖x−y‖2+fn(x)

2σ2 dµ(x),

fn+1(x) = −τ log
∫
Rd
e
−‖x−y‖2+gn+1(y)

2σ2 dν(y).

Primal-Dual Relationship

dπ?
dµdν (x, y) = e

f?(x)+g?(y)−‖x−y‖2

2σ2

τ
def= γ

γ+2σ2

Stable parameterization (Janati, Muzellec, et al. 2020)
fn(x)
2σ2 = −1

2(x>Unx− 2x>un) + log(mun), gn(x)
2σ2 = −1

2(x>Vnx− 2x>vn) + log(mvn).

Solve for U?,V?,u?,v?,mu
? and mv

? (fixed-point equations).

[30] L. Chizat. “Unbalanced optimal transport: Models, numerical methods, applications”. PhD
thesis. 2017.
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Numerical Experiments

2 =  0.01 2 =  0.1 2 =  0.5 2 =  1.0 2 =  10

Figure 4: Effect of regularization on balanced transportation plans.

Balanced | ε= 0.02 Balanced | ε= 0.1 Unbalanced | γ= 0.001 | ε= 0.1 Unbalanced | γ= 0.25 | ε= 0.1

Figure 5: Effect of σ in balanced OT and γ in unbalanced OT. Empirical plans
(red) correspond to the expected Gaussian contours depicted in black.
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Take-home messages

A common approach is to regularize OT problems. But regularizing data to
fall back to closed form solutions of OT is also a powerful approach in ML.

The Bures-Wasserstein geometry has all the tools and properties
to scale to large ML gradient-based applications.

Maps and plans defined on the full space can be extracted after projecting
distributions to lower dimension, in closed forms for Gaussians.

The Bures-Wasserstein geometry can seamlessly incorporate
entropic and unbalanced regularization, in closed form.

What I did not talk about
Missing data imputation with entropic OT (Chapter 5)
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