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Monge maps and Kantorovich plans

1.  Optimal Transport 3. Subspace Transport

Goal: Alleviate OT curse of dimensionality 
using plans and maps between lower-
dimensional projections of distributions.

Approach: Define OT plans and 
maps that take a “detour” by a 
lower-dimensional subspace.

Curse of Dimensionality

 6. Applications: Leveraging lower-dimensional 
transport maps

Monge-Knothe Maps

Results: Characterized all solutions. Gave two particular 
instances, MI and MK. Closed forms for Gaussians. Applications: 
color transfer, domain adaptation, and semantic mediation (NLP).

Domain Adaptation with Gaussian Mixture Models

Elliptical Word Embeddings: Semantic Mediation

Subspace-optimal plans

Monge-Independent Plans

W 2
2 (µ, ⌫) = min

T :T ]µ=⌫
EX⇠µ[kX � T (X)k2]
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Prop. The Monge-Knothe plan is optimal in

⇡MK 2 argmin
�2⇧E(µ,⌫)

E(X,Y )⇠� [kX � Y k2]
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where ⇡MK
def
= (IdRd , TMK)]µ

<latexit sha1_base64="LeJRtcPcYdCiqFZHQKG6HvTQXBo="></latexit><latexit sha1_base64="LeJRtcPcYdCiqFZHQKG6HvTQXBo="></latexit><latexit sha1_base64="LeJRtcPcYdCiqFZHQKG6HvTQXBo="></latexit>

Monge Map

4. Optimal transport for Gaussians

Sliced Wasserstein [Bonneel et al.’15]

2. Workaround: Project First, Transport Next

Subspace Robust Wasserstein [Paty & Cuturi’19]

S2
k(µ, ⌫)

def
= min

�2⇧(µ,⌫)
max

E:dim(E)=k

Z
kpE(x)� pE(y)k2d�(x, y)
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⇥
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Pk(µ, ⌫)
def
= max

E:dim(E)=k
W2((pE)]µ, (pE)]⌫)
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Projecting first, transporting next is promising, 
but it restricts OT to happen in the projected 
space. Can we recover a plan in the entire space?

• Average on 1D projections:

• Projection on adversarially-selected k-D subspace:

• Marginals: µE
def
= (pE)]µ, ⌫E

def
= (pE)]⌫, �E

def
= (pE , pE)]�
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, Monge map

• Disintegrations 

= full characterisation

�(xE ,S(xE)), xE 2 E
<latexit sha1_base64="qU0eTM2rCfAco5UKFroLFOt6kHE="></latexit><latexit sha1_base64="qU0eTM2rCfAco5UKFroLFOt6kHE="></latexit><latexit sha1_base64="qU0eTM2rCfAco5UKFroLFOt6kHE="></latexit>

Degrees of freedom?

µ
<latexit sha1_base64="I0dgAuw+hpGkDZXNvxMLReLe04E=">AAAB+HicbVC7TsMwFHV4lvIqZWSxqJCYqgQhwVjBwlgk+pCaqHKcm9aqnUS2U7VE+RXEVlj5EWb+BjdkgJYzHZ9zfK99/IQzpW37y9rY3Nre2a3sVfcPDo+Oayf1ropTSaFDYx7Lvk8UcBZBRzPNoZ9IIMLn0PMn90u/NwWpWBw96XkCniCjiIWMEm2kYa2eucWQTEKQZ65I83xYa9hNuwBeJ05JGqhEe1j7dIOYpgIiTTlRauDYifYyIjWjHPKqmypICJ2QEQyCKUtURAQoL5sVm3N8EcYS6zHg4vw7nhGh1Fz4JiOIHqtVbyn+5w1SHd56GYuSVENETcR4YcqxjvGyBRwwCVTzuSGESmYeiumYSEK16apqGnBW/7tOuldNx246j9eN1l3ZRQWdoXN0iRx0g1roAbVRB1E0Qy9ogd6sZ+vVWljvP9ENq7xziv7A+vgGXKuUMw==</latexit><latexit sha1_base64="I0dgAuw+hpGkDZXNvxMLReLe04E=">AAAB+HicbVC7TsMwFHV4lvIqZWSxqJCYqgQhwVjBwlgk+pCaqHKcm9aqnUS2U7VE+RXEVlj5EWb+BjdkgJYzHZ9zfK99/IQzpW37y9rY3Nre2a3sVfcPDo+Oayf1ropTSaFDYx7Lvk8UcBZBRzPNoZ9IIMLn0PMn90u/NwWpWBw96XkCniCjiIWMEm2kYa2eucWQTEKQZ65I83xYa9hNuwBeJ05JGqhEe1j7dIOYpgIiTTlRauDYifYyIjWjHPKqmypICJ2QEQyCKUtURAQoL5sVm3N8EcYS6zHg4vw7nhGh1Fz4JiOIHqtVbyn+5w1SHd56GYuSVENETcR4YcqxjvGyBRwwCVTzuSGESmYeiumYSEK16apqGnBW/7tOuldNx246j9eN1l3ZRQWdoXN0iRx0g1roAbVRB1E0Qy9ogd6sZ+vVWljvP9ENq7xziv7A+vgGXKuUMw==</latexit><latexit sha1_base64="I0dgAuw+hpGkDZXNvxMLReLe04E=">AAAB+HicbVC7TsMwFHV4lvIqZWSxqJCYqgQhwVjBwlgk+pCaqHKcm9aqnUS2U7VE+RXEVlj5EWb+BjdkgJYzHZ9zfK99/IQzpW37y9rY3Nre2a3sVfcPDo+Oayf1ropTSaFDYx7Lvk8UcBZBRzPNoZ9IIMLn0PMn90u/NwWpWBw96XkCniCjiIWMEm2kYa2eucWQTEKQZ65I83xYa9hNuwBeJ05JGqhEe1j7dIOYpgIiTTlRauDYifYyIjWjHPKqmypICJ2QEQyCKUtURAQoL5sVm3N8EcYS6zHg4vw7nhGh1Fz4JiOIHqtVbyn+5w1SHd56GYuSVENETcR4YcqxjvGyBRwwCVTzuSGESmYeiumYSEK16apqGnBW/7tOuldNx246j9eN1l3ZRQWdoXN0iRx0g1roAbVRB1E0Qy9ogd6sZ+vVWljvP9ENq7xziv7A+vgGXKuUMw==</latexit>

⌫
<latexit sha1_base64="xllHjAsiE67I9r0dZo6cOjiTCHA=">AAAB+XicbVC7TsMwFHXKq5RXoCOLRYXEVCUICcYKFsYi0VKpiSrHvWmtOg/5URFZ+RbEVlj5EGb+hjRkgJYzHZ9zfK99gpQzqRzny6ptbG5t79R3G3v7B4dH9vFJXyZaUOjRhCdiEBAJnMXQU0xxGKQCSBRweApmd0v/aQ5CsiR+VFkKfkQmMQsZJaqQRnbTeOUQE3ANufFinecju+W0nRJ4nbgVaaEK3ZH96Y0TqiOIFeVEyqHrpMo3RChGOeQNT0tICZ2RCQzHc5bKmEQgffNcrs7xeZgIrKaAy/PvuCGRlFkUFJmIqKlc9Zbif95Qq/DGNyxOtYKYFpHCCzXHKsHLGvCYCaCKZwUhVLDioZhOiSBUFWU1igbc1f+uk/5l23Xa7sNVq3NbdVFHp+gMXSAXXaMOukdd1EMUZegFLdCbZaxXa2G9/0RrVnWnif7A+vgGLuOUqw==</latexit><latexit sha1_base64="xllHjAsiE67I9r0dZo6cOjiTCHA=">AAAB+XicbVC7TsMwFHXKq5RXoCOLRYXEVCUICcYKFsYi0VKpiSrHvWmtOg/5URFZ+RbEVlj5EGb+hjRkgJYzHZ9zfK99gpQzqRzny6ptbG5t79R3G3v7B4dH9vFJXyZaUOjRhCdiEBAJnMXQU0xxGKQCSBRweApmd0v/aQ5CsiR+VFkKfkQmMQsZJaqQRnbTeOUQE3ANufFinecju+W0nRJ4nbgVaaEK3ZH96Y0TqiOIFeVEyqHrpMo3RChGOeQNT0tICZ2RCQzHc5bKmEQgffNcrs7xeZgIrKaAy/PvuCGRlFkUFJmIqKlc9Zbif95Qq/DGNyxOtYKYFpHCCzXHKsHLGvCYCaCKZwUhVLDioZhOiSBUFWU1igbc1f+uk/5l23Xa7sNVq3NbdVFHp+gMXSAXXaMOukdd1EMUZegFLdCbZaxXa2G9/0RrVnWnif7A+vgGLuOUqw==</latexit><latexit sha1_base64="xllHjAsiE67I9r0dZo6cOjiTCHA=">AAAB+XicbVC7TsMwFHXKq5RXoCOLRYXEVCUICcYKFsYi0VKpiSrHvWmtOg/5URFZ+RbEVlj5EGb+hjRkgJYzHZ9zfK99gpQzqRzny6ptbG5t79R3G3v7B4dH9vFJXyZaUOjRhCdiEBAJnMXQU0xxGKQCSBRweApmd0v/aQ5CsiR+VFkKfkQmMQsZJaqQRnbTeOUQE3ANufFinecju+W0nRJ4nbgVaaEK3ZH96Y0TqiOIFeVEyqHrpMo3RChGOeQNT0tICZ2RCQzHc5bKmEQgffNcrs7xeZgIrKaAy/PvuCGRlFkUFJmIqKlc9Zbif95Qq/DGNyxOtYKYFpHCCzXHKsHLGvCYCaCKZwUhVLDioZhOiSBUFWU1igbc1f+uk/5l23Xa7sNVq3NbdVFHp+gMXSAXXaMOukdd1EMUZegFLdCbZaxXa2G9/0RrVnWnif7A+vgGLuOUqw==</latexit>

TAB def
= A� 1

2 (A
1
2BA

1
2 )

1
2A� 1

2
<latexit sha1_base64="UspOgx1PFo2REJnjylOxaHsdNl4="></latexit><latexit sha1_base64="UspOgx1PFo2REJnjylOxaHsdNl4="></latexit><latexit sha1_base64="UspOgx1PFo2REJnjylOxaHsdNl4="></latexit>

Wasserstein-Bures Distance

 Extend      with independent couplings µxE ⌦ ⌫S(xE)
<latexit sha1_base64="/aM0p6sf2uaEcJSi+fam1QnuV7A="></latexit><latexit sha1_base64="/aM0p6sf2uaEcJSi+fam1QnuV7A="></latexit><latexit sha1_base64="/aM0p6sf2uaEcJSi+fam1QnuV7A="></latexit>

�E
<latexit sha1_base64="vJ2D0KaFS8aH4QMJwXLtoVjQOe0=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSK4qokIuiwV0Z0V7AOaUCbT23boTBJmJtUS8hnix4i76rZr/8ZpjKDVszpzzpmZe48fMSqVbX8YhaXlldW14nppY3Nre8fc3WvKMBYEGiRkoWj7WAKjATQUVQzakQDMfQYtf3Q591tjEJKGwb2aROBxPAhonxKstNQ1TxI3eySpifAhSBN3gDnHadr91m8ZHcO1ANDmldbNsl2xM1h/iZOTMspR75oztxeSmEOgCMNSdhw7Ul6ChaKEQVpyYwkRJiM8gE5vTCMZYA7SSx6z71PrqB8KSw3Bys4/4wnmUk64rzMcq6Fc9Obif14nVv0LL6FBFCsIiI5orx8zS4XWvCKrRwUQxSaaYCKoHtQiQywwUbrIkm7AWdz3L2meVhy74tydlau1vIsiOkCH6Bg56BxV0Q2qowYi6Am9oCl6M56NV2NqvH9FC0Z+Zx/9gjH7BP70oTo=</latexit><latexit sha1_base64="vJ2D0KaFS8aH4QMJwXLtoVjQOe0=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSK4qokIuiwV0Z0V7AOaUCbT23boTBJmJtUS8hnix4i76rZr/8ZpjKDVszpzzpmZe48fMSqVbX8YhaXlldW14nppY3Nre8fc3WvKMBYEGiRkoWj7WAKjATQUVQzakQDMfQYtf3Q591tjEJKGwb2aROBxPAhonxKstNQ1TxI3eySpifAhSBN3gDnHadr91m8ZHcO1ANDmldbNsl2xM1h/iZOTMspR75oztxeSmEOgCMNSdhw7Ul6ChaKEQVpyYwkRJiM8gE5vTCMZYA7SSx6z71PrqB8KSw3Bys4/4wnmUk64rzMcq6Fc9Obif14nVv0LL6FBFCsIiI5orx8zS4XWvCKrRwUQxSaaYCKoHtQiQywwUbrIkm7AWdz3L2meVhy74tydlau1vIsiOkCH6Bg56BxV0Q2qowYi6Am9oCl6M56NV2NqvH9FC0Z+Zx/9gjH7BP70oTo=</latexit><latexit sha1_base64="vJ2D0KaFS8aH4QMJwXLtoVjQOe0=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSK4qokIuiwV0Z0V7AOaUCbT23boTBJmJtUS8hnix4i76rZr/8ZpjKDVszpzzpmZe48fMSqVbX8YhaXlldW14nppY3Nre8fc3WvKMBYEGiRkoWj7WAKjATQUVQzakQDMfQYtf3Q591tjEJKGwb2aROBxPAhonxKstNQ1TxI3eySpifAhSBN3gDnHadr91m8ZHcO1ANDmldbNsl2xM1h/iZOTMspR75oztxeSmEOgCMNSdhw7Ul6ChaKEQVpyYwkRJiM8gE5vTCMZYA7SSx6z71PrqB8KSw3Bys4/4wnmUk64rzMcq6Fc9Obif14nVv0LL6FBFCsIiI5orx8zS4XWvCKrRwUQxSaaYCKoHtQiQywwUbrIkm7AWdz3L2meVhy74tydlau1vIsiOkCH6Bg56BxV0Q2qowYi6Am9oCl6M56NV2NqvH9FC0Z+Zx/9gjH7BP70oTo=</latexit>

Then ⇡n(µn, ⌫n) * ⇡MI(µ, ⌫)
<latexit sha1_base64="N/fbQEcVGIyxkXwkkQYA2TNAZyc="></latexit><latexit sha1_base64="N/fbQEcVGIyxkXwkkQYA2TNAZyc="></latexit><latexit sha1_base64="N/fbQEcVGIyxkXwkkQYA2TNAZyc="></latexit>

Prop. MI is the limit of discrete E-optimal plans: 

empirical dist., ⇡n 2 ⇧E(µn, ⌫n), n � 0
<latexit sha1_base64="aYHu5I7MdtngVp9AjCro4XdS3b0="></latexit><latexit sha1_base64="aYHu5I7MdtngVp9AjCro4XdS3b0="></latexit><latexit sha1_base64="aYHu5I7MdtngVp9AjCro4XdS3b0="></latexit>

µn, ⌫n
<latexit sha1_base64="HBRNbkoebk5TLsZdS4HWiw7sWBU=">AAACEXicbVA9T8MwFHwp3+WrwMhiqJCQQFXCAiOChbFItFRqospxX6mF40S2U1FF+RGIH4NgKqwMzPwQdtwAEhRuOt+d7fcuTATXxnXfnNLU9Mzs3PxCeXFpeWW1srbe1HGqGDZYLGLVCqlGwSU2DDcCW4lCGoUCL8Pr07F/OUCleSwvzDDBIKJXkvc4o8ZKncpe5hePZAq7eeZHaZ535D75VkORopVlIXcqVbfmFiB/ifdFqsdb748jAKh3Kq9+N2ZphNIwQbVue25igowqw5nAvOynGhPKrukVtrsDnmhJI9RBdlN8npOdXqyI6SMpzj/jGY20HkahzUTU9PWkNxb/89qp6R0FGZdJalAyG7FeLxXExGRcD+lyhcyIoSWUKW4HJaxPFWXGlli2DXiT+/4lzYOa59a8c1vFCXxiHjZhG3bBg0M4hjOoQwMY3MI9jODJuXMenJHz/BktOV93NuAXnJcPTIWiKQ==</latexit><latexit sha1_base64="OJYdXRVtAk+9lTOFLquG5vTyk2I=">AAACEXicbVDLSgMxFM3UV62vqgiCm2gRBKXMuNFl0Y3LCvYBbSmZ9LYNzWSGJFMsw3yE+AN+gxvRVXXrwrUf4t50WkFbz+rknJPk3uMGnClt259Wam5+YXEpvZxZWV1b38hubpWVH0oKJepzX1ZdooAzASXNNIdqIIF4LoeK27sc+ZU+SMV8caMHATQ80hGszSjRRmpmj6N68kgkoRVHdS+M46Y4wT+qy0MwskjkZjZn5+0EeJY4E5Ir7H+9PO7uPBSb2Y96y6ehB0JTTpSqOXagGxGRmlEOcaYeKggI7ZEO1Fp9FihBPFCN6Db5PMaHbV9i3QWcnH/HI+IpNfBck/GI7qppbyT+59VC3T5vREwEoQZBTcR47ZBj7eNRPbjFJFDNB4YQKpkZFNMukYRqU2LGNOBM7ztLyqd5x84716aKCzRGGu2hA3SEHHSGCugKFVEJUXSHntAQvVr31rM1tN7G0ZQ1ubON/sB6/wZI3aLo</latexit><latexit sha1_base64="0e7UpV4zBDrZW8d3QJCkzbxOxts=">AAACEXicbVDLSgMxFM3UV62vqks3wSIISplxo8uiG5cV7APaUjKZO21okhmSTLEM8xHix4i76taFa//GdKygrWd1cs5Jcu/xY860cd1Pp7Cyura+UdwsbW3v7O6V9w+aOkoUhQaNeKTaPtHAmYSGYYZDO1ZAhM+h5Y9uZn5rDEqzSN6bSQw9QQaShYwSY6V++Szt5o+kCoIs7Yoky/ryHP+oPk/AyjKX++WKW3Vz4GXizUkFzVHvlz+6QUQTAdJQTrTueG5seilRhlEOWambaIgJHZEBdIIxi7UkAnQvfcg/z/BJGClshoDz8+94SoTWE+HbjCBmqBe9mfif10lMeNVLmYwTA5LaiPXChGMT4Vk9OGAKqOETSwhVzA6K6ZAoQo0tsWQb8Bb3XSbNi6rnVr07t1K7nndRREfoGJ0iD12iGrpFddRAFD2iZzRFr86T8+JMnbfvaMGZ3zlEf+C8fwGJMp9Z</latexit>

 Extend        with optimal couplings between         and�E
<latexit sha1_base64="vJ2D0KaFS8aH4QMJwXLtoVjQOe0=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSK4qokIuiwV0Z0V7AOaUCbT23boTBJmJtUS8hnix4i76rZr/8ZpjKDVszpzzpmZe48fMSqVbX8YhaXlldW14nppY3Nre8fc3WvKMBYEGiRkoWj7WAKjATQUVQzakQDMfQYtf3Q591tjEJKGwb2aROBxPAhonxKstNQ1TxI3eySpifAhSBN3gDnHadr91m8ZHcO1ANDmldbNsl2xM1h/iZOTMspR75oztxeSmEOgCMNSdhw7Ul6ChaKEQVpyYwkRJiM8gE5vTCMZYA7SSx6z71PrqB8KSw3Bys4/4wnmUk64rzMcq6Fc9Obif14nVv0LL6FBFCsIiI5orx8zS4XWvCKrRwUQxSaaYCKoHtQiQywwUbrIkm7AWdz3L2meVhy74tydlau1vIsiOkCH6Bg56BxV0Q2qowYi6Am9oCl6M56NV2NqvH9FC0Z+Zx/9gjH7BP70oTo=</latexit><latexit sha1_base64="vJ2D0KaFS8aH4QMJwXLtoVjQOe0=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSK4qokIuiwV0Z0V7AOaUCbT23boTBJmJtUS8hnix4i76rZr/8ZpjKDVszpzzpmZe48fMSqVbX8YhaXlldW14nppY3Nre8fc3WvKMBYEGiRkoWj7WAKjATQUVQzakQDMfQYtf3Q591tjEJKGwb2aROBxPAhonxKstNQ1TxI3eySpifAhSBN3gDnHadr91m8ZHcO1ANDmldbNsl2xM1h/iZOTMspR75oztxeSmEOgCMNSdhw7Ul6ChaKEQVpyYwkRJiM8gE5vTCMZYA7SSx6z71PrqB8KSw3Bys4/4wnmUk64rzMcq6Fc9Obif14nVv0LL6FBFCsIiI5orx8zS4XWvCKrRwUQxSaaYCKoHtQiQywwUbrIkm7AWdz3L2meVhy74tydlau1vIsiOkCH6Bg56BxV0Q2qowYi6Am9oCl6M56NV2NqvH9FC0Z+Zx/9gjH7BP70oTo=</latexit><latexit sha1_base64="vJ2D0KaFS8aH4QMJwXLtoVjQOe0=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSK4qokIuiwV0Z0V7AOaUCbT23boTBJmJtUS8hnix4i76rZr/8ZpjKDVszpzzpmZe48fMSqVbX8YhaXlldW14nppY3Nre8fc3WvKMBYEGiRkoWj7WAKjATQUVQzakQDMfQYtf3Q591tjEJKGwb2aROBxPAhonxKstNQ1TxI3eySpifAhSBN3gDnHadr91m8ZHcO1ANDmldbNsl2xM1h/iZOTMspR75oztxeSmEOgCMNSdhw7Ul6ChaKEQVpyYwkRJiM8gE5vTCMZYA7SSx6z71PrqB8KSw3Bys4/4wnmUk64rzMcq6Fc9Obif14nVv0LL6FBFCsIiI5orx8zS4XWvCKrRwUQxSaaYCKoHtQiQywwUbrIkm7AWdz3L2meVhy74tydlau1vIsiOkCH6Bg56BxV0Q2qowYi6Am9oCl6M56NV2NqvH9FC0Z+Zx/9gjH7BP70oTo=</latexit>

µxE
<latexit sha1_base64="P63xVTrKlEbKf/t3scuh6UX9BVk=">AAACFHicbVDLSgMxFM34rPU16tLNYBFclRkRdFkU0Z0V7AM6pWTS2zY0kxmSTGkJ8xfix4i76lbX/o3pOIK2ntXJOSfJvSeIGZXKdT+tpeWV1bX1wkZxc2t7Z9fe26/LKBEEaiRikWgGWAKjHGqKKgbNWAAOAwaNYHg18xsjEJJG/EFNYmiHuM9pjxKsjNSxy9rPHtECuqn2wyRNO3rc+VHvGB3BjQDgqb5OjWeX3LKbwVkkXk5KKEe1Y3/43YgkIXBFGJay5bmxamssFCUM0qKfSIgxGeI+tLojGkuOQ5BtPc7+T53jXiQcNQAnO/+OaxxKOQkDkwmxGsh5byb+57US1btoa8rjRAEnJmK8XsIcFTmzhpwuFUAUmxiCiaBmUIcMsMBEmR6LpgFvft9FUj8te27Zuz8rVS7zLgroEB2hE+Shc1RBt6iKaoigR/SMpujVerJerKn19h1dsvI7B+gPrPcvnyShEQ==</latexit><latexit sha1_base64="P63xVTrKlEbKf/t3scuh6UX9BVk=">AAACFHicbVDLSgMxFM34rPU16tLNYBFclRkRdFkU0Z0V7AM6pWTS2zY0kxmSTGkJ8xfix4i76lbX/o3pOIK2ntXJOSfJvSeIGZXKdT+tpeWV1bX1wkZxc2t7Z9fe26/LKBEEaiRikWgGWAKjHGqKKgbNWAAOAwaNYHg18xsjEJJG/EFNYmiHuM9pjxKsjNSxy9rPHtECuqn2wyRNO3rc+VHvGB3BjQDgqb5OjWeX3LKbwVkkXk5KKEe1Y3/43YgkIXBFGJay5bmxamssFCUM0qKfSIgxGeI+tLojGkuOQ5BtPc7+T53jXiQcNQAnO/+OaxxKOQkDkwmxGsh5byb+57US1btoa8rjRAEnJmK8XsIcFTmzhpwuFUAUmxiCiaBmUIcMsMBEmR6LpgFvft9FUj8te27Zuz8rVS7zLgroEB2hE+Shc1RBt6iKaoigR/SMpujVerJerKn19h1dsvI7B+gPrPcvnyShEQ==</latexit><latexit sha1_base64="P63xVTrKlEbKf/t3scuh6UX9BVk=">AAACFHicbVDLSgMxFM34rPU16tLNYBFclRkRdFkU0Z0V7AM6pWTS2zY0kxmSTGkJ8xfix4i76lbX/o3pOIK2ntXJOSfJvSeIGZXKdT+tpeWV1bX1wkZxc2t7Z9fe26/LKBEEaiRikWgGWAKjHGqKKgbNWAAOAwaNYHg18xsjEJJG/EFNYmiHuM9pjxKsjNSxy9rPHtECuqn2wyRNO3rc+VHvGB3BjQDgqb5OjWeX3LKbwVkkXk5KKEe1Y3/43YgkIXBFGJay5bmxamssFCUM0qKfSIgxGeI+tLojGkuOQ5BtPc7+T53jXiQcNQAnO/+OaxxKOQkDkwmxGsh5byb+57US1btoa8rjRAEnJmK8XsIcFTmzhpwuFUAUmxiCiaBmUIcMsMBEmR6LpgFvft9FUj8te27Zuz8rVS7zLgroEB2hE+Shc1RBt6iKaoigR/SMpujVerJerKn19h1dsvI7B+gPrPcvnyShEQ==</latexit>

⌫S(xE)
<latexit sha1_base64="TsvZYzZSUQZzrAqOT8czibyNBjg=">AAACKXicbVDLTgIxFO34Fl+oSzcTiQluyIwx0SWBGN2JUR4JkEmnXKCx05m0HZQ0/SDjxxh34tYfsSAkCp7Vueec29yeMGFUKs8bOUvLK6tr6xubma3tnd297P5BTcapIFAlMYtFI8QSGOVQVVQxaCQCcBQyqIeP5bFfH4CQNOYPaphAO8I9TruUYGWlIFvWrckjOmQpGN3iqTGBnoklET9xo++NyT8HM/GW0QFcCwDrXBlzaoJszit4E7iLxJ+SHJqiEmTfWp2YpBFwRRiWsul7iWprLBQlDEymlUpIMHnEPWh2BjSRHEcg2/p5coBxT7qxcFUf3Mn8O65xJOUwCm0mwqov572x+J/XTFX3sq0pT1IFnNiI9bopc1XsjmtzO1QAUWxoCSaC2kNd0scCE2XLzdgG/Pn/LpLaWcH3Cv7dea5YmnaxgY7QMcojH12gIrpBFVRFBL2gN/SBRs6r8+58OJ8/0SVnunOI/sD5+gZoz6pg</latexit><latexit sha1_base64="TsvZYzZSUQZzrAqOT8czibyNBjg=">AAACKXicbVDLTgIxFO34Fl+oSzcTiQluyIwx0SWBGN2JUR4JkEmnXKCx05m0HZQ0/SDjxxh34tYfsSAkCp7Vueec29yeMGFUKs8bOUvLK6tr6xubma3tnd297P5BTcapIFAlMYtFI8QSGOVQVVQxaCQCcBQyqIeP5bFfH4CQNOYPaphAO8I9TruUYGWlIFvWrckjOmQpGN3iqTGBnoklET9xo++NyT8HM/GW0QFcCwDrXBlzaoJszit4E7iLxJ+SHJqiEmTfWp2YpBFwRRiWsul7iWprLBQlDEymlUpIMHnEPWh2BjSRHEcg2/p5coBxT7qxcFUf3Mn8O65xJOUwCm0mwqov572x+J/XTFX3sq0pT1IFnNiI9bopc1XsjmtzO1QAUWxoCSaC2kNd0scCE2XLzdgG/Pn/LpLaWcH3Cv7dea5YmnaxgY7QMcojH12gIrpBFVRFBL2gN/SBRs6r8+58OJ8/0SVnunOI/sD5+gZoz6pg</latexit><latexit sha1_base64="TsvZYzZSUQZzrAqOT8czibyNBjg=">AAACKXicbVDLTgIxFO34Fl+oSzcTiQluyIwx0SWBGN2JUR4JkEmnXKCx05m0HZQ0/SDjxxh34tYfsSAkCp7Vueec29yeMGFUKs8bOUvLK6tr6xubma3tnd297P5BTcapIFAlMYtFI8QSGOVQVVQxaCQCcBQyqIeP5bFfH4CQNOYPaphAO8I9TruUYGWlIFvWrckjOmQpGN3iqTGBnoklET9xo++NyT8HM/GW0QFcCwDrXBlzaoJszit4E7iLxJ+SHJqiEmTfWp2YpBFwRRiWsul7iWprLBQlDEymlUpIMHnEPWh2BjSRHEcg2/p5coBxT7qxcFUf3Mn8O65xJOUwCm0mwqov572x+J/XTFX3sq0pT1IFnNiI9bopc1XsjmtzO1QAUWxoCSaC2kNd0scCE2XLzdgG/Pn/LpLaWcH3Cv7dea5YmnaxgY7QMcojH12gIrpBFVRFBL2gN/SBRs6r8+58OJ8/0SVnunOI/sD5+gZoz6pg</latexit>

is the Monge map from       to µxE
<latexit sha1_base64="P63xVTrKlEbKf/t3scuh6UX9BVk=">AAACFHicbVDLSgMxFM34rPU16tLNYBFclRkRdFkU0Z0V7AM6pWTS2zY0kxmSTGkJ8xfix4i76lbX/o3pOIK2ntXJOSfJvSeIGZXKdT+tpeWV1bX1wkZxc2t7Z9fe26/LKBEEaiRikWgGWAKjHGqKKgbNWAAOAwaNYHg18xsjEJJG/EFNYmiHuM9pjxKsjNSxy9rPHtECuqn2wyRNO3rc+VHvGB3BjQDgqb5OjWeX3LKbwVkkXk5KKEe1Y3/43YgkIXBFGJay5bmxamssFCUM0qKfSIgxGeI+tLojGkuOQ5BtPc7+T53jXiQcNQAnO/+OaxxKOQkDkwmxGsh5byb+57US1btoa8rjRAEnJmK8XsIcFTmzhpwuFUAUmxiCiaBmUIcMsMBEmR6LpgFvft9FUj8te27Zuz8rVS7zLgroEB2hE+Shc1RBt6iKaoigR/SMpujVerJerKn19h1dsvI7B+gPrPcvnyShEQ==</latexit><latexit sha1_base64="P63xVTrKlEbKf/t3scuh6UX9BVk=">AAACFHicbVDLSgMxFM34rPU16tLNYBFclRkRdFkU0Z0V7AM6pWTS2zY0kxmSTGkJ8xfix4i76lbX/o3pOIK2ntXJOSfJvSeIGZXKdT+tpeWV1bX1wkZxc2t7Z9fe26/LKBEEaiRikWgGWAKjHGqKKgbNWAAOAwaNYHg18xsjEJJG/EFNYmiHuM9pjxKsjNSxy9rPHtECuqn2wyRNO3rc+VHvGB3BjQDgqb5OjWeX3LKbwVkkXk5KKEe1Y3/43YgkIXBFGJay5bmxamssFCUM0qKfSIgxGeI+tLojGkuOQ5BtPc7+T53jXiQcNQAnO/+OaxxKOQkDkwmxGsh5byb+57US1btoa8rjRAEnJmK8XsIcFTmzhpwuFUAUmxiCiaBmUIcMsMBEmR6LpgFvft9FUj8te27Zuz8rVS7zLgroEB2hE+Shc1RBt6iKaoigR/SMpujVerJerKn19h1dsvI7B+gPrPcvnyShEQ==</latexit><latexit sha1_base64="P63xVTrKlEbKf/t3scuh6UX9BVk=">AAACFHicbVDLSgMxFM34rPU16tLNYBFclRkRdFkU0Z0V7AM6pWTS2zY0kxmSTGkJ8xfix4i76lbX/o3pOIK2ntXJOSfJvSeIGZXKdT+tpeWV1bX1wkZxc2t7Z9fe26/LKBEEaiRikWgGWAKjHGqKKgbNWAAOAwaNYHg18xsjEJJG/EFNYmiHuM9pjxKsjNSxy9rPHtECuqn2wyRNO3rc+VHvGB3BjQDgqb5OjWeX3LKbwVkkXk5KKEe1Y3/43YgkIXBFGJay5bmxamssFCUM0qKfSIgxGeI+tLojGkuOQ5BtPc7+T53jXiQcNQAnO/+OaxxKOQkDkwmxGsh5byb+57US1btoa8rjRAEnJmK8XsIcFTmzhpwuFUAUmxiCiaBmUIcMsMBEmR6LpgFvft9FUj8te27Zuz8rVS7zLgroEB2hE+Shc1RBt6iKaoigR/SMpujVerJerKn19h1dsvI7B+gPrPcvnyShEQ==</latexit>

⌫S(xE)
<latexit sha1_base64="TsvZYzZSUQZzrAqOT8czibyNBjg=">AAACKXicbVDLTgIxFO34Fl+oSzcTiQluyIwx0SWBGN2JUR4JkEmnXKCx05m0HZQ0/SDjxxh34tYfsSAkCp7Vueec29yeMGFUKs8bOUvLK6tr6xubma3tnd297P5BTcapIFAlMYtFI8QSGOVQVVQxaCQCcBQyqIeP5bFfH4CQNOYPaphAO8I9TruUYGWlIFvWrckjOmQpGN3iqTGBnoklET9xo++NyT8HM/GW0QFcCwDrXBlzaoJszit4E7iLxJ+SHJqiEmTfWp2YpBFwRRiWsul7iWprLBQlDEymlUpIMHnEPWh2BjSRHEcg2/p5coBxT7qxcFUf3Mn8O65xJOUwCm0mwqov572x+J/XTFX3sq0pT1IFnNiI9bopc1XsjmtzO1QAUWxoCSaC2kNd0scCE2XLzdgG/Pn/LpLaWcH3Cv7dea5YmnaxgY7QMcojH12gIrpBFVRFBL2gN/SBRs6r8+58OJ8/0SVnunOI/sD5+gZoz6pg</latexit><latexit sha1_base64="TsvZYzZSUQZzrAqOT8czibyNBjg=">AAACKXicbVDLTgIxFO34Fl+oSzcTiQluyIwx0SWBGN2JUR4JkEmnXKCx05m0HZQ0/SDjxxh34tYfsSAkCp7Vueec29yeMGFUKs8bOUvLK6tr6xubma3tnd297P5BTcapIFAlMYtFI8QSGOVQVVQxaCQCcBQyqIeP5bFfH4CQNOYPaphAO8I9TruUYGWlIFvWrckjOmQpGN3iqTGBnoklET9xo++NyT8HM/GW0QFcCwDrXBlzaoJszit4E7iLxJ+SHJqiEmTfWp2YpBFwRRiWsul7iWprLBQlDEymlUpIMHnEPWh2BjSRHEcg2/p5coBxT7qxcFUf3Mn8O65xJOUwCm0mwqov572x+J/XTFX3sq0pT1IFnNiI9bopc1XsjmtzO1QAUWxoCSaC2kNd0scCE2XLzdgG/Pn/LpLaWcH3Cv7dea5YmnaxgY7QMcojH12gIrpBFVRFBL2gN/SBRs6r8+58OJ8/0SVnunOI/sD5+gZoz6pg</latexit><latexit sha1_base64="TsvZYzZSUQZzrAqOT8czibyNBjg=">AAACKXicbVDLTgIxFO34Fl+oSzcTiQluyIwx0SWBGN2JUR4JkEmnXKCx05m0HZQ0/SDjxxh34tYfsSAkCp7Vueec29yeMGFUKs8bOUvLK6tr6xubma3tnd297P5BTcapIFAlMYtFI8QSGOVQVVQxaCQCcBQyqIeP5bFfH4CQNOYPaphAO8I9TruUYGWlIFvWrckjOmQpGN3iqTGBnoklET9xo++NyT8HM/GW0QFcCwDrXBlzaoJszit4E7iLxJ+SHJqiEmTfWp2YpBFwRRiWsul7iWprLBQlDEymlUpIMHnEPWh2BjSRHEcg2/p5coBxT7qxcFUf3Mn8O65xJOUwCm0mwqov572x+J/XTFX3sq0pT1IFnNiI9bopc1XsjmtzO1QAUWxoCSaC2kNd0scCE2XLzdgG/Pn/LpLaWcH3Cv7dea5YmnaxgY7QMcojH12gIrpBFVRFBL2gN/SBRs6r8+58OJ8/0SVnunOI/sD5+gZoz6pg</latexit>

T̂ (xE ; ·) : E? ! E?
<latexit sha1_base64="Lp/rPENMG+CBqKZ4s3Vvp4rcFvk="></latexit><latexit sha1_base64="Lp/rPENMG+CBqKZ4s3Vvp4rcFvk="></latexit><latexit sha1_base64="Lp/rPENMG+CBqKZ4s3Vvp4rcFvk="></latexit>

where

Prop. Let d2"(x, y)
def
=

kX

i=1

(xi � yi)
2 + "

dX

j=k+1

(xj � yj)
2

<latexit sha1_base64="HEYpEqC2DOhoYefjNZZ8tM3ZcqM="></latexit><latexit sha1_base64="Z1OWv47WycYGfaYKrrsncXFN/dI="></latexit><latexit sha1_base64="nHjHCCS/POuYjA4C2UxHq9Gi/Vs="></latexit>

Then

T "(µ, ⌫)
<latexit sha1_base64="KkxJvjOOcpKowHCcRmWRxy27bME="></latexit><latexit sha1_base64="KkxJvjOOcpKowHCcRmWRxy27bME="></latexit><latexit sha1_base64="KkxJvjOOcpKowHCcRmWRxy27bME="></latexit>

Monge map with cost d2"(x, y)
<latexit sha1_base64="KV/C8xWp7+lhSHnoZuYy8KIBFJA=">AAACEnicbVBNS8NAEN34WetX1KOXxSJUKCUpgh6LHvRmBfsBbQ2bzbRdutmE3U1pCfkT4o8Rb9Wr4Nl/Yxp70NZ3ejPvzTDz3JAzpS3ry1hZXVvf2Mxt5bd3dvf2zYPDhgoiSaFOAx7IlksUcCagrpnm0AolEN/l0HSH1zO9OQKpWCAe9CSErk/6gvUYJTptOWbJe6w4cSdbFN9xNoIbCSCSuDMiEkLFeCCSpDgu4ckZdsyCVbYy4GViz0kBzVFzzM+OF9DIB6EpJ0q1bSvU3ZhIzSiHJN+JFISEDkkf2t6IhUoQH1Q3Hmf3JPi0F0isB4Cz+rc9Jr5SE99NPT7RA7WozZr/ae1I9y67MRNhpEHQ1JJqvYhjHeBZPthjEqjmk5QQKll6KKYDIgnVaYr5NAF78d9l0qiUbats358XqlfzLHLoGJ2gIrLRBaqiW1RDdUTRE3pBU/RmPBuvxtR4/7GuGPOZI/QHxsc3CcqeTg==</latexit><latexit sha1_base64="KV/C8xWp7+lhSHnoZuYy8KIBFJA=">AAACEnicbVBNS8NAEN34WetX1KOXxSJUKCUpgh6LHvRmBfsBbQ2bzbRdutmE3U1pCfkT4o8Rb9Wr4Nl/Yxp70NZ3ejPvzTDz3JAzpS3ry1hZXVvf2Mxt5bd3dvf2zYPDhgoiSaFOAx7IlksUcCagrpnm0AolEN/l0HSH1zO9OQKpWCAe9CSErk/6gvUYJTptOWbJe6w4cSdbFN9xNoIbCSCSuDMiEkLFeCCSpDgu4ckZdsyCVbYy4GViz0kBzVFzzM+OF9DIB6EpJ0q1bSvU3ZhIzSiHJN+JFISEDkkf2t6IhUoQH1Q3Hmf3JPi0F0isB4Cz+rc9Jr5SE99NPT7RA7WozZr/ae1I9y67MRNhpEHQ1JJqvYhjHeBZPthjEqjmk5QQKll6KKYDIgnVaYr5NAF78d9l0qiUbats358XqlfzLHLoGJ2gIrLRBaqiW1RDdUTRE3pBU/RmPBuvxtR4/7GuGPOZI/QHxsc3CcqeTg==</latexit><latexit sha1_base64="KV/C8xWp7+lhSHnoZuYy8KIBFJA=">AAACEnicbVBNS8NAEN34WetX1KOXxSJUKCUpgh6LHvRmBfsBbQ2bzbRdutmE3U1pCfkT4o8Rb9Wr4Nl/Yxp70NZ3ejPvzTDz3JAzpS3ry1hZXVvf2Mxt5bd3dvf2zYPDhgoiSaFOAx7IlksUcCagrpnm0AolEN/l0HSH1zO9OQKpWCAe9CSErk/6gvUYJTptOWbJe6w4cSdbFN9xNoIbCSCSuDMiEkLFeCCSpDgu4ckZdsyCVbYy4GViz0kBzVFzzM+OF9DIB6EpJ0q1bSvU3ZhIzSiHJN+JFISEDkkf2t6IhUoQH1Q3Hmf3JPi0F0isB4Cz+rc9Jr5SE99NPT7RA7WozZr/ae1I9y67MRNhpEHQ1JJqvYhjHeBZPthjEqjmk5QQKll6KKYDIgnVaYr5NAF78d9l0qiUbats358XqlfzLHLoGJ2gIrLRBaqiW1RDdUTRE3pBU/RmPBuvxtR4/7GuGPOZI/QHxsc3CcqeTg==</latexit>

L2(µ)
<latexit sha1_base64="bBDLTvre7jzMdJoYYygQft3QDRU=">AAAB/XicbVC7TsMwFHXKq5RXgIGBxaJCKkuVVEgwVrAwMBSJPqQmihznprXqPGQ7FVUU8TGIrbDyGcz8DWnIAC1nOj7n+F77uDFnUhnGl1ZZW9/Y3Kpu13Z29/YP9MOjnowSQaFLIx6JgUskcBZCVzHFYRALIIHLoe9Obhd+fwpCsih8VLMY7ICMQuYzSlQuOfrJvdNqpFYxKBXgZakVJFl24eh1o2kUwKvELEkdleg4+qflRTQJIFSUEymHphErOyVCMcohq1mJhJjQCRnB0JuyWIYkAGmnT8XqDJ/7kcBqDLg4/46nJJByFrh5JiBqLJe9hfifN0yUf22nLIwTBSHNI7nnJxyrCC+qwB4TQBWf5YRQwfKHYjomglCVF1bLGzCX/7tKeq2maTTNh8t6+6bsoopO0RlqIBNdoTa6Qx3URRRl6AXN0Zv2rL1qc+39J1rRyjvH6A+0j2/5xJWT</latexit><latexit sha1_base64="bBDLTvre7jzMdJoYYygQft3QDRU=">AAAB/XicbVC7TsMwFHXKq5RXgIGBxaJCKkuVVEgwVrAwMBSJPqQmihznprXqPGQ7FVUU8TGIrbDyGcz8DWnIAC1nOj7n+F77uDFnUhnGl1ZZW9/Y3Kpu13Z29/YP9MOjnowSQaFLIx6JgUskcBZCVzHFYRALIIHLoe9Obhd+fwpCsih8VLMY7ICMQuYzSlQuOfrJvdNqpFYxKBXgZakVJFl24eh1o2kUwKvELEkdleg4+qflRTQJIFSUEymHphErOyVCMcohq1mJhJjQCRnB0JuyWIYkAGmnT8XqDJ/7kcBqDLg4/46nJJByFrh5JiBqLJe9hfifN0yUf22nLIwTBSHNI7nnJxyrCC+qwB4TQBWf5YRQwfKHYjomglCVF1bLGzCX/7tKeq2maTTNh8t6+6bsoopO0RlqIBNdoTa6Qx3URRRl6AXN0Zv2rL1qc+39J1rRyjvH6A+0j2/5xJWT</latexit><latexit sha1_base64="bBDLTvre7jzMdJoYYygQft3QDRU=">AAAB/XicbVC7TsMwFHXKq5RXgIGBxaJCKkuVVEgwVrAwMBSJPqQmihznprXqPGQ7FVUU8TGIrbDyGcz8DWnIAC1nOj7n+F77uDFnUhnGl1ZZW9/Y3Kpu13Z29/YP9MOjnowSQaFLIx6JgUskcBZCVzHFYRALIIHLoe9Obhd+fwpCsih8VLMY7ICMQuYzSlQuOfrJvdNqpFYxKBXgZakVJFl24eh1o2kUwKvELEkdleg4+qflRTQJIFSUEymHphErOyVCMcohq1mJhJjQCRnB0JuyWIYkAGmnT8XqDJ/7kcBqDLg4/46nJJByFrh5JiBqLJe9hfifN0yUf22nLIwTBSHNI7nnJxyrCC+qwB4TQBWf5YRQwfKHYjomglCVF1bLGzCX/7tKeq2maTTNh8t6+6bsoopO0RlqIBNdoTa6Qx3URRRl6AXN0Zv2rL1qc+39J1rRyjvH6A+0j2/5xJWT</latexit>

T "(µ, ⌫) �!
"!0

TMK(µ, ⌫)
<latexit sha1_base64="GziDqpGNLKerlwwwJtf8mx12YJ8="></latexit><latexit sha1_base64="GziDqpGNLKerlwwwJtf8mx12YJ8="></latexit><latexit sha1_base64="GziDqpGNLKerlwwwJtf8mx12YJ8="></latexit>

in

Then

5. Subspace Detours for Gaussians

Monge-Independent Transport

Monge-Knothe Transport

⇡MI(µ, ⌫) = N (02d,⌃MI) 2 P(Rd ⇥ Rd)
<latexit sha1_base64="KRN9jjmaCBwDcWKDfiv180qXJcU="></latexit><latexit sha1_base64="KRN9jjmaCBwDcWKDfiv180qXJcU="></latexit><latexit sha1_base64="KRN9jjmaCBwDcWKDfiv180qXJcU="></latexit>

with ⌃MI
def
=

✓
A C
C> B

◆

<latexit sha1_base64="EmRGLEn0FcEa+hlLr6LeiblRDvU="></latexit><latexit sha1_base64="EmRGLEn0FcEa+hlLr6LeiblRDvU="></latexit><latexit sha1_base64="EmRGLEn0FcEa+hlLr6LeiblRDvU="></latexit>

C
def
=

�
VEAE +VE?A>

EE?

�
TAEBE

�
VE> + (BE)

�1BEE?V>
E?

�
<latexit sha1_base64="uWimIur+dBZA+5RAMcL5MCXnHS8="></latexit><latexit sha1_base64="uWimIur+dBZA+5RAMcL5MCXnHS8="></latexit><latexit sha1_base64="uWimIur+dBZA+5RAMcL5MCXnHS8="></latexit>

Prop. Let

µ = N (0d,A)
<latexit sha1_base64="BijFoMgK0X96K/eTLxTSuikjvd0=">AAACJXicbVDLSgMxFM34rPVVdekmWAQFKTMi6EasunElFawKnVIymTs2mHmQZMQS8jnix4i4qYIrf8V0nIVWz+rce84NJyfIOJPKdT+cicmp6ZnZylx1fmFxabm2snol01xQaNOUp+ImIBI4S6CtmOJwkwkgccDhOrg7HenX9yAkS5NLNcigG5PbhEWMEmVXvdqR9otHtIDQaD/OjcGH2I+J6lPC9bnZcnvhzpjJikGkj40x271a3W24BfBf4pWkjkq0erVXP0xpHkOiKCdSdjw3U11NhGKUg6n6uYSM0DtyC53wnmUyITHIrn4oEhi8GaUCqz7gYv5p1ySWchAH1jNKKMe10fI/rZOr6KCrWZLlChJqLVaLco5VikeV4ZAJoIoPLCFUMBsU0z4RhCpbbNU24I3/9y+52m14bsO72Ks3T8ouKmgdbaAt5KF91ERnqIXaiKJH9IyG6M15cl6cofP+bZ1wyps19AvO5xdY0KcD</latexit><latexit sha1_base64="BijFoMgK0X96K/eTLxTSuikjvd0=">AAACJXicbVDLSgMxFM34rPVVdekmWAQFKTMi6EasunElFawKnVIymTs2mHmQZMQS8jnix4i4qYIrf8V0nIVWz+rce84NJyfIOJPKdT+cicmp6ZnZylx1fmFxabm2snol01xQaNOUp+ImIBI4S6CtmOJwkwkgccDhOrg7HenX9yAkS5NLNcigG5PbhEWMEmVXvdqR9otHtIDQaD/OjcGH2I+J6lPC9bnZcnvhzpjJikGkj40x271a3W24BfBf4pWkjkq0erVXP0xpHkOiKCdSdjw3U11NhGKUg6n6uYSM0DtyC53wnmUyITHIrn4oEhi8GaUCqz7gYv5p1ySWchAH1jNKKMe10fI/rZOr6KCrWZLlChJqLVaLco5VikeV4ZAJoIoPLCFUMBsU0z4RhCpbbNU24I3/9y+52m14bsO72Ks3T8ouKmgdbaAt5KF91ERnqIXaiKJH9IyG6M15cl6cofP+bZ1wyps19AvO5xdY0KcD</latexit><latexit sha1_base64="BijFoMgK0X96K/eTLxTSuikjvd0=">AAACJXicbVDLSgMxFM34rPVVdekmWAQFKTMi6EasunElFawKnVIymTs2mHmQZMQS8jnix4i4qYIrf8V0nIVWz+rce84NJyfIOJPKdT+cicmp6ZnZylx1fmFxabm2snol01xQaNOUp+ImIBI4S6CtmOJwkwkgccDhOrg7HenX9yAkS5NLNcigG5PbhEWMEmVXvdqR9otHtIDQaD/OjcGH2I+J6lPC9bnZcnvhzpjJikGkj40x271a3W24BfBf4pWkjkq0erVXP0xpHkOiKCdSdjw3U11NhGKUg6n6uYSM0DtyC53wnmUyITHIrn4oEhi8GaUCqz7gYv5p1ySWchAH1jNKKMe10fI/rZOr6KCrWZLlChJqLVaLco5VikeV4ZAJoIoPLCFUMBsU0z4RhCpbbNU24I3/9y+52m14bsO72Ks3T8ouKmgdbaAt5KF91ERnqIXaiKJH9IyG6M15cl6cofP+bZ1wyps19AvO5xdY0KcD</latexit>

⌫ = N (0d,B)
<latexit sha1_base64="EN4DubnaGAZIEQCRt5etW+VmWaw=">AAACJ3icbVDLSgMxFM34rPVVdekmWIQKUmZE0I1Q68aVVLAP6JSSSe+0oZkHSaZYQr5H/BjprurSP3GmdqGtZ3XuPeeGk+PFnEll25/Wyura+sZmbiu/vbO7t184OGzIKBEU6jTikWh5RAJnIdQVUxxasQASeBya3vAu05sjEJJF4ZMax9AJSD9kPqNEpatu4Va7s0e0xxMw2g0TY/ANdgOiBpRw/WBKdrd3vuDKVM/XVWPMWbdQtMv2DHiZOHNSRHPUuoWJ24toEkCoKCdSth07Vh1NhGKUg8m7iYSY0CHpQ7s3YrEMSQCyo59nEQw+9SOB1QDwbP5t1ySQchx4qSdLKBe1bPmf1k6Uf93RLIwTBSFNLanmJxyrCGel4R4TQBUfp4RQwdKgmA6IIFSl1ebTBpzF/y6TxkXZscvO42WxUp13kUPH6ASVkIOuUAXdoxqqI4pe0Buaonfr1ZpYU+vjx7pizW+O0B9YX98jP6fz</latexit><latexit sha1_base64="EN4DubnaGAZIEQCRt5etW+VmWaw=">AAACJ3icbVDLSgMxFM34rPVVdekmWIQKUmZE0I1Q68aVVLAP6JSSSe+0oZkHSaZYQr5H/BjprurSP3GmdqGtZ3XuPeeGk+PFnEll25/Wyura+sZmbiu/vbO7t184OGzIKBEU6jTikWh5RAJnIdQVUxxasQASeBya3vAu05sjEJJF4ZMax9AJSD9kPqNEpatu4Va7s0e0xxMw2g0TY/ANdgOiBpRw/WBKdrd3vuDKVM/XVWPMWbdQtMv2DHiZOHNSRHPUuoWJ24toEkCoKCdSth07Vh1NhGKUg8m7iYSY0CHpQ7s3YrEMSQCyo59nEQw+9SOB1QDwbP5t1ySQchx4qSdLKBe1bPmf1k6Uf93RLIwTBSFNLanmJxyrCGel4R4TQBUfp4RQwdKgmA6IIFSl1ebTBpzF/y6TxkXZscvO42WxUp13kUPH6ASVkIOuUAXdoxqqI4pe0Buaonfr1ZpYU+vjx7pizW+O0B9YX98jP6fz</latexit><latexit sha1_base64="EN4DubnaGAZIEQCRt5etW+VmWaw=">AAACJ3icbVDLSgMxFM34rPVVdekmWIQKUmZE0I1Q68aVVLAP6JSSSe+0oZkHSaZYQr5H/BjprurSP3GmdqGtZ3XuPeeGk+PFnEll25/Wyura+sZmbiu/vbO7t184OGzIKBEU6jTikWh5RAJnIdQVUxxasQASeBya3vAu05sjEJJF4ZMax9AJSD9kPqNEpatu4Va7s0e0xxMw2g0TY/ANdgOiBpRw/WBKdrd3vuDKVM/XVWPMWbdQtMv2DHiZOHNSRHPUuoWJ24toEkCoKCdSth07Vh1NhGKUg8m7iYSY0CHpQ7s3YrEMSQCyo59nEQw+9SOB1QDwbP5t1ySQchx4qSdLKBe1bPmf1k6Uf93RLIwTBSFNLanmJxyrCGel4R4TQBUfp4RQwdKgmA6IIFSl1ebTBpzF/y6TxkXZscvO42WxUp13kUPH6ASVkIOuUAXdoxqqI4pe0Buaonfr1ZpYU+vjx7pizW+O0B9YX98jP6fz</latexit>

•  ,

•  A =

✓
AE AEE?

A>
EE? AE?

◆

<latexit sha1_base64="gv6kkfyPwYrLqeChSZs4pmriw+M="></latexit><latexit sha1_base64="PVtoo3VTK76zCaVgv/QpTE60G+I="></latexit><latexit sha1_base64="io2KSx1LzYdtBH6cZgDJl0Vwwbc="></latexit>

B =

✓
BE BEE?

B>
EE? BE?

◆

<latexit sha1_base64="Jr/cxQxvVYgVut395HFazO1CA2A="></latexit><latexit sha1_base64="Jr/cxQxvVYgVut395HFazO1CA2A="></latexit><latexit sha1_base64="Jr/cxQxvVYgVut395HFazO1CA2A="></latexit>

,

�
VE VE?

�
<latexit sha1_base64="cHXhjyhcb9Ys3UYvn8ned4BbU7Q="></latexit><latexit sha1_base64="cHXhjyhcb9Ys3UYvn8ned4BbU7Q="></latexit><latexit sha1_base64="cHXhjyhcb9Ys3UYvn8ned4BbU7Q="></latexit>

E � E?
<latexit sha1_base64="7xM1UxhldE24aNqdoy74pQWtyCc=">AAACIXicdZBLS8NAFIUn9VXrK+rSzWARXJVEBAU3RRHdWcE+oIllMr1th06SYWZSLCE/Rvwx4srqTvwzpjELbfWsztzvzHDneIIzpS3rwygsLC4trxRXS2vrG5tb5vZOQ4WRpFCnIQ9lyyMKOAugrpnm0BISiO9xaHrDiylvjkAqFgZ3eizA9Uk/YD1GiU5HHfMsdrJH4hvORnAlAYIkvkwSJxQ8Uvgfeu8IkKJjlq2KlQnPGzs3ZZSr1jFfnW5IIx8CTTlRqm1bQrsxkZpRDknJiRQIQoekD+3uiAkVEB+UGz9kSyT4oBdKrAeAs/PPeEx8pca+l2Z8ogdqlk2Hf7F2pHunbswCEWkIaBpJWS/iWId4WhfuMglU83FqCJUsXRTTAZGE6rTUUtqAPfvfedM4qthWxb49LlfP8y6KaA/to0NkoxNURdeohuqIokf0jCbozXgyXoyJ8f4dLRj5nV30S8bnF5VwpkE=</latexit><latexit sha1_base64="7xM1UxhldE24aNqdoy74pQWtyCc=">AAACIXicdZBLS8NAFIUn9VXrK+rSzWARXJVEBAU3RRHdWcE+oIllMr1th06SYWZSLCE/Rvwx4srqTvwzpjELbfWsztzvzHDneIIzpS3rwygsLC4trxRXS2vrG5tb5vZOQ4WRpFCnIQ9lyyMKOAugrpnm0BISiO9xaHrDiylvjkAqFgZ3eizA9Uk/YD1GiU5HHfMsdrJH4hvORnAlAYIkvkwSJxQ8Uvgfeu8IkKJjlq2KlQnPGzs3ZZSr1jFfnW5IIx8CTTlRqm1bQrsxkZpRDknJiRQIQoekD+3uiAkVEB+UGz9kSyT4oBdKrAeAs/PPeEx8pca+l2Z8ogdqlk2Hf7F2pHunbswCEWkIaBpJWS/iWId4WhfuMglU83FqCJUsXRTTAZGE6rTUUtqAPfvfedM4qthWxb49LlfP8y6KaA/to0NkoxNURdeohuqIokf0jCbozXgyXoyJ8f4dLRj5nV30S8bnF5VwpkE=</latexit><latexit sha1_base64="7xM1UxhldE24aNqdoy74pQWtyCc=">AAACIXicdZBLS8NAFIUn9VXrK+rSzWARXJVEBAU3RRHdWcE+oIllMr1th06SYWZSLCE/Rvwx4srqTvwzpjELbfWsztzvzHDneIIzpS3rwygsLC4trxRXS2vrG5tb5vZOQ4WRpFCnIQ9lyyMKOAugrpnm0BISiO9xaHrDiylvjkAqFgZ3eizA9Uk/YD1GiU5HHfMsdrJH4hvORnAlAYIkvkwSJxQ8Uvgfeu8IkKJjlq2KlQnPGzs3ZZSr1jFfnW5IIx8CTTlRqm1bQrsxkZpRDknJiRQIQoekD+3uiAkVEB+UGz9kSyT4oBdKrAeAs/PPeEx8pca+l2Z8ogdqlk2Hf7F2pHunbswCEWkIaBpJWS/iWId4WhfuMglU83FqCJUsXRTTAZGE6rTUUtqAPfvfedM4qthWxb49LlfP8y6KaA/to0NkoxNURdeohuqIokf0jCbozXgyXoyJ8f4dLRj5nV30S8bnF5VwpkE=</latexit>

•  O.N.B. of

Monge interpolation

MK interpolation

TMK =

✓
TAEBE 0k⇥(d�k)⇥

B>
EE?(TAEBE )�1 �T(A/AE)(B/BE)A>

EE?

⇤
(AE)�1 T(A/AE)(B/BE)

◆

<latexit sha1_base64="6+9Ftxa3hrdSvmAWm2Z93aj1kN4="></latexit><latexit sha1_base64="6+9Ftxa3hrdSvmAWm2Z93aj1kN4="></latexit><latexit sha1_base64="6+9Ftxa3hrdSvmAWm2Z93aj1kN4="></latexit>

A/AE
def
= AE? �A>

EE?A�1
E AEE?

<latexit sha1_base64="3cmvcRGBNfHhTSQhN7HoGeVBhtE="></latexit><latexit sha1_base64="3cmvcRGBNfHhTSQhN7HoGeVBhtE="></latexit><latexit sha1_base64="3cmvcRGBNfHhTSQhN7HoGeVBhtE="></latexit>

where (Schur Complement)

Prop. MK maps between Gaussians are linear: 

Tµ⌫ : x ! m⌫ +TAB(x�mµ)
<latexit sha1_base64="61nLW5pz4/jK4QEOcYctDRt35UM="></latexit><latexit sha1_base64="61nLW5pz4/jK4QEOcYctDRt35UM="></latexit><latexit sha1_base64="61nLW5pz4/jK4QEOcYctDRt35UM="></latexit>

W 2
2 (µ, ⌫) = kmµ �m⌫k22 +B2(varµ, var⌫)

<latexit sha1_base64="WGp35b7quSiUui8WGAk7FfEO2uY="></latexit><latexit sha1_base64="WGp35b7quSiUui8WGAk7FfEO2uY="></latexit><latexit sha1_base64="WGp35b7quSiUui8WGAk7FfEO2uY="></latexit>

B2(A,B) = Tr(A+B� 2TABA)
<latexit sha1_base64="0B/1iPTs/Uv5QXKjCZ8dI0T1IyI="></latexit><latexit sha1_base64="0B/1iPTs/Uv5QXKjCZ8dI0T1IyI="></latexit><latexit sha1_base64="0B/1iPTs/Uv5QXKjCZ8dI0T1IyI="></latexit>

(Tµ⌫)]µ = ⌫
<latexit sha1_base64="u2p+gve0OEd1iCGbczK8xnyeXWY="></latexit><latexit sha1_base64="u2p+gve0OEd1iCGbczK8xnyeXWY="></latexit><latexit sha1_base64="u2p+gve0OEd1iCGbczK8xnyeXWY="></latexit>

Color Transfer

• KMeans quantization in 3D RGB space, 3000 clusters

• 1D OT in gray space
O(n log n)

<latexit sha1_base64="RREMdlzVGyy7++l+KA/fEL3zL1Y=">AAAB7nicbVDLTgIxFO3gC/GFunTTSExwQ2aMiS6JbtyJiTwiTEinXKCh0zZth0gm/IVxh279G9f+jQVnoeBZnXvPucm5J1KcGev7X15ubX1jcyu/XdjZ3ds/KB4eNYxMNIU6lVzqVkQMcCagbpnl0FIaSBxxaEaj27neHIM2TIpHO1EQxmQgWJ9RYt3q6b4sOlwOsDjvFkt+xV8Ar5IgIyWUodYtfnZ6kiYxCEs5MaYd+MqGKdGWUQ7TQicxoAgdkQG0e2OmjCAxmDB9XoSe4rO+1NgOAS/m3/aUxMZM4sh5YmKHZlmbL//T2ontX4cpEyqxIKizOK2fcGwlnv+Oe0wDtXziCKGauaCYDokm1LqGCq6BYPnfVdK4qAR+JXi4LFVvsi7y6ASdojIK0BWqojtUQ3VEkUAvaIbePOW9ejPv/cea87KbY/QH3sc3kmKPEA==</latexit><latexit sha1_base64="RREMdlzVGyy7++l+KA/fEL3zL1Y=">AAAB7nicbVDLTgIxFO3gC/GFunTTSExwQ2aMiS6JbtyJiTwiTEinXKCh0zZth0gm/IVxh279G9f+jQVnoeBZnXvPucm5J1KcGev7X15ubX1jcyu/XdjZ3ds/KB4eNYxMNIU6lVzqVkQMcCagbpnl0FIaSBxxaEaj27neHIM2TIpHO1EQxmQgWJ9RYt3q6b4sOlwOsDjvFkt+xV8Ar5IgIyWUodYtfnZ6kiYxCEs5MaYd+MqGKdGWUQ7TQicxoAgdkQG0e2OmjCAxmDB9XoSe4rO+1NgOAS/m3/aUxMZM4sh5YmKHZlmbL//T2ontX4cpEyqxIKizOK2fcGwlnv+Oe0wDtXziCKGauaCYDokm1LqGCq6BYPnfVdK4qAR+JXi4LFVvsi7y6ASdojIK0BWqojtUQ3VEkUAvaIbePOW9ejPv/cea87KbY/QH3sc3kmKPEA==</latexit><latexit sha1_base64="RREMdlzVGyy7++l+KA/fEL3zL1Y=">AAAB7nicbVDLTgIxFO3gC/GFunTTSExwQ2aMiS6JbtyJiTwiTEinXKCh0zZth0gm/IVxh279G9f+jQVnoeBZnXvPucm5J1KcGev7X15ubX1jcyu/XdjZ3ds/KB4eNYxMNIU6lVzqVkQMcCagbpnl0FIaSBxxaEaj27neHIM2TIpHO1EQxmQgWJ9RYt3q6b4sOlwOsDjvFkt+xV8Ar5IgIyWUodYtfnZ6kiYxCEs5MaYd+MqGKdGWUQ7TQicxoAgdkQG0e2OmjCAxmDB9XoSe4rO+1NgOAS/m3/aUxMZM4sh5YmKHZlmbL//T2ontX4cpEyqxIKizOK2fcGwlnv+Oe0wDtXziCKGauaCYDokm1LqGCq6BYPnfVdK4qAR+JXi4LFVvsi7y6ASdojIK0BWqojtUQ3VEkUAvaIbePOW9ejPv/cea87KbY/QH3sc3kmKPEA==</latexit>

• Extend with MK map (small 3D problems): speedup⇠ ⇥50
<latexit sha1_base64="cvUPSTAmnmJ8XuQdeFlPwyZoH+g=">AAAB8nicbVBNT8JAEJ3iF+IX6tHLRmLiibRGo0eiF4+YyEdCK9kuC2zYbZvdKZE0/A/jDb36Xzz7b1ywBwXf6c28N5mZFyZSGHTdL6ewtr6xuVXcLu3s7u0flA+PmiZONeMNFstYt0NquBQRb6BAyduJ5lSFkrfC0d1cb425NiKOHnGS8EDRQST6glG0rSffCEV8FIobcuV2yxW36i5AVomXkwrkqHfLn34vZqniETJJjel4boJBRjUKJvm05KeGJ5SN6IB3emORmIjaTUH2vDh8Ss76sSY45GRR/7ZnVBkzUaH1KIpDs6zNm/9pnRT7N0EmoiRFHjFrsVo/lQRjMv+f9ITmDOXEEsq0sIcSNqSaMrQplWwC3vK/q6R5UfXcqvdwWand5lkU4QRO4Rw8uIYa3EMdGsBAwwvM4M1B59WZOe8/1oKTzxzDHzgf35ADkMY=</latexit><latexit sha1_base64="cvUPSTAmnmJ8XuQdeFlPwyZoH+g=">AAAB8nicbVBNT8JAEJ3iF+IX6tHLRmLiibRGo0eiF4+YyEdCK9kuC2zYbZvdKZE0/A/jDb36Xzz7b1ywBwXf6c28N5mZFyZSGHTdL6ewtr6xuVXcLu3s7u0flA+PmiZONeMNFstYt0NquBQRb6BAyduJ5lSFkrfC0d1cb425NiKOHnGS8EDRQST6glG0rSffCEV8FIobcuV2yxW36i5AVomXkwrkqHfLn34vZqniETJJjel4boJBRjUKJvm05KeGJ5SN6IB3emORmIjaTUH2vDh8Ss76sSY45GRR/7ZnVBkzUaH1KIpDs6zNm/9pnRT7N0EmoiRFHjFrsVo/lQRjMv+f9ITmDOXEEsq0sIcSNqSaMrQplWwC3vK/q6R5UfXcqvdwWand5lkU4QRO4Rw8uIYa3EMdGsBAwwvM4M1B59WZOe8/1oKTzxzDHzgf35ADkMY=</latexit><latexit sha1_base64="cvUPSTAmnmJ8XuQdeFlPwyZoH+g=">AAAB8nicbVBNT8JAEJ3iF+IX6tHLRmLiibRGo0eiF4+YyEdCK9kuC2zYbZvdKZE0/A/jDb36Xzz7b1ywBwXf6c28N5mZFyZSGHTdL6ewtr6xuVXcLu3s7u0flA+PmiZONeMNFstYt0NquBQRb6BAyduJ5lSFkrfC0d1cb425NiKOHnGS8EDRQST6glG0rSffCEV8FIobcuV2yxW36i5AVomXkwrkqHfLn34vZqniETJJjel4boJBRjUKJvm05KeGJ5SN6IB3emORmIjaTUH2vDh8Ss76sSY45GRR/7ZnVBkzUaH1KIpDs6zNm/9pnRT7N0EmoiRFHjFrsVo/lQRjMv+f9ITmDOXEEsq0sIcSNqSaMrQplWwC3vK/q6R5UfXcqvdwWand5lkU4QRO4Rw8uIYa3EMdGsBAwwvM4M1B59WZOe8/1oKTzxzDHzgf35ADkMY=</latexit>

Algorithm 1 MK Subspace Selection

Input: A,B 2 PSD, k 2 [[1, d]], ⌘
V Polar(AB)
while not converged do

L MK(V>
AV,V>

BV; k)
V V � ⌘rVL
V Polar(V)

end while

Output: E = Span{v1, ..,vk}

1

dGMM({ai;µi}, {bj ; ⌫j}) := min
P2U(a,b)

hP, d2MK(µi, ⌫j)i
<latexit sha1_base64="zPk25ALrmbmT+ywxw1Vj9hExalg="></latexit><latexit sha1_base64="zPk25ALrmbmT+ywxw1Vj9hExalg="></latexit><latexit sha1_base64="zPk25ALrmbmT+ywxw1Vj9hExalg="></latexit>

T̂i :=
X

j

PijT
ij
MK

<latexit sha1_base64="LOJfZwhzqzA3vI/ZruLZUQZhqfI=">AAACGnicbVDLSgNBEJz1bXxFPXoZDIKnsCuCIghBL4IIERITyMZldtJrxsw+mOkNhmF/RPwY8aYevHjxb9yNOfiqQ1PdVQ3d5SdSaLTtD2tqemZ2bn5hsbS0vLK6Vl7fuNJxqjg0eSxj1faZBikiaKJACe1EAQt9CS1/cFrorSEoLeKogaMEuiG7iUQgOMN85JX33T5D08g8QY+OqavT0DO3mRsy7PuBqWeeEbdZ47qonotwh+biPPPKFbtqj0H/EmdCKmSCuld+c3sxT0OIkEumdcexE+waplBwCVnJTTUkjA/YDXR6Q5HoiIWgu+Zu/GBGd4JYUewDHfff7YaFWo9CP/cUN+vfWjH8T+ukGBx2jYiSFCHiuSXXglRSjGmRE+0JBRzlKCeMK5EfSnmfKcYxT7OUJ+D8/vcvudqrOnbVudyv1E4mWSyQLbJNdolDDkiNnJE6aRJO7skjeSYv1oP1ZD1br1/WKWuys0l+wHr/BEZlok4=</latexit><latexit sha1_base64="LOJfZwhzqzA3vI/ZruLZUQZhqfI=">AAACGnicbVDLSgNBEJz1bXxFPXoZDIKnsCuCIghBL4IIERITyMZldtJrxsw+mOkNhmF/RPwY8aYevHjxb9yNOfiqQ1PdVQ3d5SdSaLTtD2tqemZ2bn5hsbS0vLK6Vl7fuNJxqjg0eSxj1faZBikiaKJACe1EAQt9CS1/cFrorSEoLeKogaMEuiG7iUQgOMN85JX33T5D08g8QY+OqavT0DO3mRsy7PuBqWeeEbdZ47qonotwh+biPPPKFbtqj0H/EmdCKmSCuld+c3sxT0OIkEumdcexE+waplBwCVnJTTUkjA/YDXR6Q5HoiIWgu+Zu/GBGd4JYUewDHfff7YaFWo9CP/cUN+vfWjH8T+ukGBx2jYiSFCHiuSXXglRSjGmRE+0JBRzlKCeMK5EfSnmfKcYxT7OUJ+D8/vcvudqrOnbVudyv1E4mWSyQLbJNdolDDkiNnJE6aRJO7skjeSYv1oP1ZD1br1/WKWuys0l+wHr/BEZlok4=</latexit><latexit sha1_base64="LOJfZwhzqzA3vI/ZruLZUQZhqfI=">AAACGnicbVDLSgNBEJz1bXxFPXoZDIKnsCuCIghBL4IIERITyMZldtJrxsw+mOkNhmF/RPwY8aYevHjxb9yNOfiqQ1PdVQ3d5SdSaLTtD2tqemZ2bn5hsbS0vLK6Vl7fuNJxqjg0eSxj1faZBikiaKJACe1EAQt9CS1/cFrorSEoLeKogaMEuiG7iUQgOMN85JX33T5D08g8QY+OqavT0DO3mRsy7PuBqWeeEbdZ47qonotwh+biPPPKFbtqj0H/EmdCKmSCuld+c3sxT0OIkEumdcexE+waplBwCVnJTTUkjA/YDXR6Q5HoiIWgu+Zu/GBGd4JYUewDHfff7YaFWo9CP/cUN+vfWjH8T+ukGBx2jYiSFCHiuSXXglRSjGmRE+0JBRzlKCeMK5EfSnmfKcYxT7OUJ+D8/vcvudqrOnbVudyv1E4mWSyQLbJNdolDDkiNnJE6aRJO7skjeSYv1oP1ZD1br1/WKWuys0l+wHr/BEZlok4=</latexit>

• Map data with bar. proj. 

• E is selected with PGD:

• Office Home: 4 domains, 65 classes

• Compute pairwise MK distances, and OT between GMMs:
• Fit 1 GMM per domain, 1 component per class 
• Compute 2048D inception features

Table 1: Sym. di↵erences of 20-NN sets of w|c1 minus w|c2 using MK. Embed-

dings are 12 ⇥ 12 pretrained normalized covariance matrices. E is spanned by

the 4 principal directions of the contexts. Words in increasing distance order.
Word Context 1 Context 2 Di↵erence

instrument monitor oboe cathode, monitor, sampler, rca, watts, instrumentation, telescope, synthesizer, ambient

oboe monitor tuned, trombone, guitar, harmonic, octave, baritone, clarinet, saxophone, virtuoso

windows pc door netscape, installer, doubleclick, burner, installs, adapter, router, cpus

door pc screwed, recessed, rails, ceilings, tiling, upvc, profiled, roofs

fox media hedgehog Penny, quiz, Whitman, outraged, Tinker, ads, Keating, Palin, show

hedgehog media panther, reintroduced, kangaroo, Harriet, fair, hedgehog, bush, paw, bunny

1

Elliptical word embeddings [BM & MC’18]:   
• Represent each word with a PSD matrix

Semantic mediation: 
• MK between word embeddings 
• E is the k first directions in the SVD of context c

x1, ..., xn ⇠ µ; y1, ..., yn ⇠ ⌫
<latexit sha1_base64="HhNVvT6wpUsJDuloFzVkVzqE/qE="></latexit><latexit sha1_base64="HhNVvT6wpUsJDuloFzVkVzqE/qE="></latexit><latexit sha1_base64="HhNVvT6wpUsJDuloFzVkVzqE/qE="></latexit>

• OT sample complexity:

Wasserstein Distance

W 2
2 (µ, ⌫)

def
= min

�2⇧(µ,⌫)
E(X,Y )⇠�

⇥
kX � Y k2

⇤
<latexit sha1_base64="5LB10jsaw8cQ+9eEBj073Qey9JY="></latexit><latexit sha1_base64="xee+0xt1/osUEQhubb/DMy0r8Gc="></latexit><latexit sha1_base64="MKiG7a2r9KbZwvtFpQyXUun1180="></latexit>

• Distance between probability measures:

•         : set of couplings between    and   ⇧(µ, ⌫)
<latexit sha1_base64="n4AZtVUVy1jNshlkhCZ3kk5S4rQ=">AAACEnicbVDLSgMxFM34rPU16tJNsAgVSpkRQZdFNy4r2Ad0hpLJ3LahmQdJpliG+QnxY8RddSu49m9MxxG09axOzjlJ7j1ezJlUlvVprKyurW9slrbK2zu7e/vmwWFbRomg0KIRj0TXIxI4C6GlmOLQjQWQwOPQ8cY3c78zASFZFN6raQxuQIYhGzBKlJb6Zs1psmrq5A+lAvwsdYIky2r4R/N4AloMtXjWNytW3cqBl4ldkAoq0OybH44f0SSAUFFOpOzZVqzclAjFKIes7CQSYkLHZAg9f8JiGZIApJs+5H9n+HQQCaxGgPPz73hKAimngaczAVEjuejNxf+8XqIGV27KwjhREFId0d4g4VhFeN4P9pkAqvhUE0IF04NiOiKCUKVbLOsG7MV9l0n7vG5bdfvuotK4LroooWN0gqrIRpeogW5RE7UQRY/oGc3Qq/FkvBgz4+07umIUd47QHxjvX2HknzM=</latexit><latexit sha1_base64="n4AZtVUVy1jNshlkhCZ3kk5S4rQ=">AAACEnicbVDLSgMxFM34rPU16tJNsAgVSpkRQZdFNy4r2Ad0hpLJ3LahmQdJpliG+QnxY8RddSu49m9MxxG09axOzjlJ7j1ezJlUlvVprKyurW9slrbK2zu7e/vmwWFbRomg0KIRj0TXIxI4C6GlmOLQjQWQwOPQ8cY3c78zASFZFN6raQxuQIYhGzBKlJb6Zs1psmrq5A+lAvwsdYIky2r4R/N4AloMtXjWNytW3cqBl4ldkAoq0OybH44f0SSAUFFOpOzZVqzclAjFKIes7CQSYkLHZAg9f8JiGZIApJs+5H9n+HQQCaxGgPPz73hKAimngaczAVEjuejNxf+8XqIGV27KwjhREFId0d4g4VhFeN4P9pkAqvhUE0IF04NiOiKCUKVbLOsG7MV9l0n7vG5bdfvuotK4LroooWN0gqrIRpeogW5RE7UQRY/oGc3Qq/FkvBgz4+07umIUd47QHxjvX2HknzM=</latexit><latexit sha1_base64="n4AZtVUVy1jNshlkhCZ3kk5S4rQ=">AAACEnicbVDLSgMxFM34rPU16tJNsAgVSpkRQZdFNy4r2Ad0hpLJ3LahmQdJpliG+QnxY8RddSu49m9MxxG09axOzjlJ7j1ezJlUlvVprKyurW9slrbK2zu7e/vmwWFbRomg0KIRj0TXIxI4C6GlmOLQjQWQwOPQ8cY3c78zASFZFN6raQxuQIYhGzBKlJb6Zs1psmrq5A+lAvwsdYIky2r4R/N4AloMtXjWNytW3cqBl4ldkAoq0OybH44f0SSAUFFOpOzZVqzclAjFKIes7CQSYkLHZAg9f8JiGZIApJs+5H9n+HQQCaxGgPPz73hKAimngaczAVEjuejNxf+8XqIGV27KwjhREFId0d4g4VhFeN4P9pkAqvhUE0IF04NiOiKCUKVbLOsG7MV9l0n7vG5bdfvuotK4LroooWN0gqrIRpeogW5RE7UQRY/oGc3Qq/FkvBgz4+07umIUd47QHxjvX2HknzM=</latexit>

⌫
<latexit sha1_base64="xllHjAsiE67I9r0dZo6cOjiTCHA=">AAAB+XicbVC7TsMwFHXKq5RXoCOLRYXEVCUICcYKFsYi0VKpiSrHvWmtOg/5URFZ+RbEVlj5EGb+hjRkgJYzHZ9zfK99gpQzqRzny6ptbG5t79R3G3v7B4dH9vFJXyZaUOjRhCdiEBAJnMXQU0xxGKQCSBRweApmd0v/aQ5CsiR+VFkKfkQmMQsZJaqQRnbTeOUQE3ANufFinecju+W0nRJ4nbgVaaEK3ZH96Y0TqiOIFeVEyqHrpMo3RChGOeQNT0tICZ2RCQzHc5bKmEQgffNcrs7xeZgIrKaAy/PvuCGRlFkUFJmIqKlc9Zbif95Qq/DGNyxOtYKYFpHCCzXHKsHLGvCYCaCKZwUhVLDioZhOiSBUFWU1igbc1f+uk/5l23Xa7sNVq3NbdVFHp+gMXSAXXaMOukdd1EMUZegFLdCbZaxXa2G9/0RrVnWnif7A+vgGLuOUqw==</latexit><latexit sha1_base64="xllHjAsiE67I9r0dZo6cOjiTCHA=">AAAB+XicbVC7TsMwFHXKq5RXoCOLRYXEVCUICcYKFsYi0VKpiSrHvWmtOg/5URFZ+RbEVlj5EGb+hjRkgJYzHZ9zfK99gpQzqRzny6ptbG5t79R3G3v7B4dH9vFJXyZaUOjRhCdiEBAJnMXQU0xxGKQCSBRweApmd0v/aQ5CsiR+VFkKfkQmMQsZJaqQRnbTeOUQE3ANufFinecju+W0nRJ4nbgVaaEK3ZH96Y0TqiOIFeVEyqHrpMo3RChGOeQNT0tICZ2RCQzHc5bKmEQgffNcrs7xeZgIrKaAy/PvuCGRlFkUFJmIqKlc9Zbif95Qq/DGNyxOtYKYFpHCCzXHKsHLGvCYCaCKZwUhVLDioZhOiSBUFWU1igbc1f+uk/5l23Xa7sNVq3NbdVFHp+gMXSAXXaMOukdd1EMUZegFLdCbZaxXa2G9/0RrVnWnif7A+vgGLuOUqw==</latexit><latexit sha1_base64="xllHjAsiE67I9r0dZo6cOjiTCHA=">AAAB+XicbVC7TsMwFHXKq5RXoCOLRYXEVCUICcYKFsYi0VKpiSrHvWmtOg/5URFZ+RbEVlj5EGb+hjRkgJYzHZ9zfK99gpQzqRzny6ptbG5t79R3G3v7B4dH9vFJXyZaUOjRhCdiEBAJnMXQU0xxGKQCSBRweApmd0v/aQ5CsiR+VFkKfkQmMQsZJaqQRnbTeOUQE3ANufFinecju+W0nRJ4nbgVaaEK3ZH96Y0TqiOIFeVEyqHrpMo3RChGOeQNT0tICZ2RCQzHc5bKmEQgffNcrs7xeZgIrKaAy/PvuCGRlFkUFJmIqKlc9Zbif95Qq/DGNyxOtYKYFpHCCzXHKsHLGvCYCaCKZwUhVLDioZhOiSBUFWU1igbc1f+uk/5l23Xa7sNVq3NbdVFHp+gMXSAXXaMOukdd1EMUZegFLdCbZaxXa2G9/0RrVnWnif7A+vgGLuOUqw==</latexit>

µ
<latexit sha1_base64="I0dgAuw+hpGkDZXNvxMLReLe04E=">AAAB+HicbVC7TsMwFHV4lvIqZWSxqJCYqgQhwVjBwlgk+pCaqHKcm9aqnUS2U7VE+RXEVlj5EWb+BjdkgJYzHZ9zfK99/IQzpW37y9rY3Nre2a3sVfcPDo+Oayf1ropTSaFDYx7Lvk8UcBZBRzPNoZ9IIMLn0PMn90u/NwWpWBw96XkCniCjiIWMEm2kYa2eucWQTEKQZ65I83xYa9hNuwBeJ05JGqhEe1j7dIOYpgIiTTlRauDYifYyIjWjHPKqmypICJ2QEQyCKUtURAQoL5sVm3N8EcYS6zHg4vw7nhGh1Fz4JiOIHqtVbyn+5w1SHd56GYuSVENETcR4YcqxjvGyBRwwCVTzuSGESmYeiumYSEK16apqGnBW/7tOuldNx246j9eN1l3ZRQWdoXN0iRx0g1roAbVRB1E0Qy9ogd6sZ+vVWljvP9ENq7xziv7A+vgGXKuUMw==</latexit><latexit sha1_base64="I0dgAuw+hpGkDZXNvxMLReLe04E=">AAAB+HicbVC7TsMwFHV4lvIqZWSxqJCYqgQhwVjBwlgk+pCaqHKcm9aqnUS2U7VE+RXEVlj5EWb+BjdkgJYzHZ9zfK99/IQzpW37y9rY3Nre2a3sVfcPDo+Oayf1ropTSaFDYx7Lvk8UcBZBRzPNoZ9IIMLn0PMn90u/NwWpWBw96XkCniCjiIWMEm2kYa2eucWQTEKQZ65I83xYa9hNuwBeJ05JGqhEe1j7dIOYpgIiTTlRauDYifYyIjWjHPKqmypICJ2QEQyCKUtURAQoL5sVm3N8EcYS6zHg4vw7nhGh1Fz4JiOIHqtVbyn+5w1SHd56GYuSVENETcR4YcqxjvGyBRwwCVTzuSGESmYeiumYSEK16apqGnBW/7tOuldNx246j9eN1l3ZRQWdoXN0iRx0g1roAbVRB1E0Qy9ogd6sZ+vVWljvP9ENq7xziv7A+vgGXKuUMw==</latexit><latexit sha1_base64="I0dgAuw+hpGkDZXNvxMLReLe04E=">AAAB+HicbVC7TsMwFHV4lvIqZWSxqJCYqgQhwVjBwlgk+pCaqHKcm9aqnUS2U7VE+RXEVlj5EWb+BjdkgJYzHZ9zfK99/IQzpW37y9rY3Nre2a3sVfcPDo+Oayf1ropTSaFDYx7Lvk8UcBZBRzPNoZ9IIMLn0PMn90u/NwWpWBw96XkCniCjiIWMEm2kYa2eucWQTEKQZ65I83xYa9hNuwBeJ05JGqhEe1j7dIOYpgIiTTlRauDYifYyIjWjHPKqmypICJ2QEQyCKUtURAQoL5sVm3N8EcYS6zHg4vw7nhGh1Fz4JiOIHqtVbyn+5w1SHd56GYuSVENETcR4YcqxjvGyBRwwCVTzuSGESmYeiumYSEK16apqGnBW/7tOuldNx246j9eN1l3ZRQWdoXN0iRx0g1roAbVRB1E0Qy9ogd6sZ+vVWljvP9ENq7xziv7A+vgGXKuUMw==</latexit>

�(x, y)
<latexit sha1_base64="wUipeMRxsqnQVbPrlayG6CixDgM=">AAACEXicbVDLSgMxFM3UV62vqks3wSJUlDIjgi6LblxWsA9oS8lk7rShycyQZErLMB8hfoy4q25duPZvTMcK2npWJ+ecJPceN+JMadv+tHIrq2vrG/nNwtb2zu5ecf+gocJYUqjTkIey5RIFnAVQ10xzaEUSiHA5NN3h7cxvjkAqFgYPehJBV5B+wHxGiTZSr3jW6RMhSDnpZG8lErw0GafpOf5RXB5DmkzS9LRXLNkVOwNeJs6clNActV7xo+OFNBYQaMqJUm3HjnQ3IVIzyiEtdGIFEaFD0oe2N2KRCogA1U3G2c8pPvFDifUAcHb+HU+IUGoiXJMRRA/UojcT//PasfavuwkLolhDQE3EeH7MsQ7xrB7sMQlU84khhEpmBsV0QCSh2pRYMA04i/suk8ZFxbErzv1lqXoz7yKPjtAxKiMHXaEqukM1VEcUPaJnNEWv1pP1Yk2tt+9ozprfOUR/YL1/Actsnuc=</latexit><latexit sha1_base64="wUipeMRxsqnQVbPrlayG6CixDgM=">AAACEXicbVDLSgMxFM3UV62vqks3wSJUlDIjgi6LblxWsA9oS8lk7rShycyQZErLMB8hfoy4q25duPZvTMcK2npWJ+ecJPceN+JMadv+tHIrq2vrG/nNwtb2zu5ecf+gocJYUqjTkIey5RIFnAVQ10xzaEUSiHA5NN3h7cxvjkAqFgYPehJBV5B+wHxGiTZSr3jW6RMhSDnpZG8lErw0GafpOf5RXB5DmkzS9LRXLNkVOwNeJs6clNActV7xo+OFNBYQaMqJUm3HjnQ3IVIzyiEtdGIFEaFD0oe2N2KRCogA1U3G2c8pPvFDifUAcHb+HU+IUGoiXJMRRA/UojcT//PasfavuwkLolhDQE3EeH7MsQ7xrB7sMQlU84khhEpmBsV0QCSh2pRYMA04i/suk8ZFxbErzv1lqXoz7yKPjtAxKiMHXaEqukM1VEcUPaJnNEWv1pP1Yk2tt+9ozprfOUR/YL1/Actsnuc=</latexit><latexit sha1_base64="wUipeMRxsqnQVbPrlayG6CixDgM=">AAACEXicbVDLSgMxFM3UV62vqks3wSJUlDIjgi6LblxWsA9oS8lk7rShycyQZErLMB8hfoy4q25duPZvTMcK2npWJ+ecJPceN+JMadv+tHIrq2vrG/nNwtb2zu5ecf+gocJYUqjTkIey5RIFnAVQ10xzaEUSiHA5NN3h7cxvjkAqFgYPehJBV5B+wHxGiTZSr3jW6RMhSDnpZG8lErw0GafpOf5RXB5DmkzS9LRXLNkVOwNeJs6clNActV7xo+OFNBYQaMqJUm3HjnQ3IVIzyiEtdGIFEaFD0oe2N2KRCogA1U3G2c8pPvFDifUAcHb+HU+IUGoiXJMRRA/UojcT//PasfavuwkLolhDQE3EeH7MsQ7xrB7sMQlU84khhEpmBsV0QCSh2pRYMA04i/suk8ZFxbErzv1lqXoz7yKPjtAxKiMHXaEqukM1VEcUPaJnNEWv1pP1Yk2tt+9ozprfOUR/YL1/Actsnuc=</latexit>

(x, T (x))
<latexit sha1_base64="e07iovSlvwAIzcwgDZQS1KssvNc=">AAACDnicbVDLSsNAFJ34rPUVdelmsAgpSElE0GXRjcsKfUEbymRy0w6dPJiZlJaQXxA/RtxVt+5c+zemMYK2ntWZc87M3HuciDOpTPNTW1vf2NzaLu2Ud/f2Dw71o+O2DGNBoUVDHoquQyRwFkBLMcWhGwkgvsOh44zvFn5nAkKyMGiqWQS2T4YB8xglKpMGumEk/fyVRICbJtM0vcA/isNjSJOmMa2maXWgV8yamQOvEqsgFVSgMdA/+m5IYx8CRTmRsmeZkbITIhSjHNJyP5YQETomQ+i5ExbJgPgg7WSaf57icy8UWI0A5+ff8YT4Us58J8v4RI3ksrcQ//N6sfJu7IQFUawgoFkk87yYYxXiRTfYZQKo4rOMECpYNiimIyIIVVmD5awBa3nfVdK+rFlmzXq4qtRviy5K6BSdIQNZ6BrV0T1qoBai6BE9ozl61Z60F22uvX1H17Tizgn6A+39C5AInQ4=</latexit><latexit sha1_base64="e07iovSlvwAIzcwgDZQS1KssvNc=">AAACDnicbVDLSsNAFJ34rPUVdelmsAgpSElE0GXRjcsKfUEbymRy0w6dPJiZlJaQXxA/RtxVt+5c+zemMYK2ntWZc87M3HuciDOpTPNTW1vf2NzaLu2Ud/f2Dw71o+O2DGNBoUVDHoquQyRwFkBLMcWhGwkgvsOh44zvFn5nAkKyMGiqWQS2T4YB8xglKpMGumEk/fyVRICbJtM0vcA/isNjSJOmMa2maXWgV8yamQOvEqsgFVSgMdA/+m5IYx8CRTmRsmeZkbITIhSjHNJyP5YQETomQ+i5ExbJgPgg7WSaf57icy8UWI0A5+ff8YT4Us58J8v4RI3ksrcQ//N6sfJu7IQFUawgoFkk87yYYxXiRTfYZQKo4rOMECpYNiimIyIIVVmD5awBa3nfVdK+rFlmzXq4qtRviy5K6BSdIQNZ6BrV0T1qoBai6BE9ozl61Z60F22uvX1H17Tizgn6A+39C5AInQ4=</latexit><latexit sha1_base64="e07iovSlvwAIzcwgDZQS1KssvNc=">AAACDnicbVDLSsNAFJ34rPUVdelmsAgpSElE0GXRjcsKfUEbymRy0w6dPJiZlJaQXxA/RtxVt+5c+zemMYK2ntWZc87M3HuciDOpTPNTW1vf2NzaLu2Ud/f2Dw71o+O2DGNBoUVDHoquQyRwFkBLMcWhGwkgvsOh44zvFn5nAkKyMGiqWQS2T4YB8xglKpMGumEk/fyVRICbJtM0vcA/isNjSJOmMa2maXWgV8yamQOvEqsgFVSgMdA/+m5IYx8CRTmRsmeZkbITIhSjHNJyP5YQETomQ+i5ExbJgPgg7WSaf57icy8UWI0A5+ff8YT4Us58J8v4RI3ksrcQ//N6sfJu7IQFUawgoFkk87yYYxXiRTfYZQKo4rOMECpYNiimIyIIVVmD5awBa3nfVdK+rFlmzXq4qtRviy5K6BSdIQNZ6BrV0T1qoBai6BE9ozl61Z60F22uvX1H17Tizgn6A+39C5AInQ4=</latexit>

• When there exists                 :T : T]µ = ⌫
<latexit sha1_base64="xFu8PN9XaZJXAS9X9DUZCRRnxFI=">AAACGHicbVDLSgMxFM34rPVVdekmWARXZaYIiiAU3bis0Bd0Sslk7rShmQd5FMsw/yF+jLirrgR3/o3pWEFbz+rknJPk3uMlnEll25/Wyura+sZmYau4vbO7t186OGzJWAsKTRrzWHQ8IoGzCJqKKQ6dRAAJPQ5tb3Q789tjEJLFUUNNEuiFZBCxgFGijNQvVRtXjb4rh0QkqZs/lwrws9QNdZbha/wjelyDUSOj9ktlu2LnwMvEmZMymqPeL727fkx1CJGinEjZdexE9VIiFKMcsqKrJSSEjsgAuv6YJTIiIche+pB/neHTIBZYDQHn59/xlIRSTkLPZEKihnLRm4n/eV2tgsteyqJEK4ioiRgv0ByrGM9awj4TQBWfGEKoYGZQTE1HhCrTZdE04Czuu0xa1YpjV5z783LtZt5FAR2jE3SGHHSBaugO1VETUfSIntEUvVpP1os1td6+oyvW/M4R+gPr4wt6FqH1</latexit><latexit sha1_base64="xFu8PN9XaZJXAS9X9DUZCRRnxFI=">AAACGHicbVDLSgMxFM34rPVVdekmWARXZaYIiiAU3bis0Bd0Sslk7rShmQd5FMsw/yF+jLirrgR3/o3pWEFbz+rknJPk3uMlnEll25/Wyura+sZmYau4vbO7t186OGzJWAsKTRrzWHQ8IoGzCJqKKQ6dRAAJPQ5tb3Q789tjEJLFUUNNEuiFZBCxgFGijNQvVRtXjb4rh0QkqZs/lwrws9QNdZbha/wjelyDUSOj9ktlu2LnwMvEmZMymqPeL727fkx1CJGinEjZdexE9VIiFKMcsqKrJSSEjsgAuv6YJTIiIche+pB/neHTIBZYDQHn59/xlIRSTkLPZEKihnLRm4n/eV2tgsteyqJEK4ioiRgv0ByrGM9awj4TQBWfGEKoYGZQTE1HhCrTZdE04Czuu0xa1YpjV5z783LtZt5FAR2jE3SGHHSBaugO1VETUfSIntEUvVpP1os1td6+oyvW/M4R+gPr4wt6FqH1</latexit><latexit sha1_base64="xFu8PN9XaZJXAS9X9DUZCRRnxFI=">AAACGHicbVDLSgMxFM34rPVVdekmWARXZaYIiiAU3bis0Bd0Sslk7rShmQd5FMsw/yF+jLirrgR3/o3pWEFbz+rknJPk3uMlnEll25/Wyura+sZmYau4vbO7t186OGzJWAsKTRrzWHQ8IoGzCJqKKQ6dRAAJPQ5tb3Q789tjEJLFUUNNEuiFZBCxgFGijNQvVRtXjb4rh0QkqZs/lwrws9QNdZbha/wjelyDUSOj9ktlu2LnwMvEmZMymqPeL727fkx1CJGinEjZdexE9VIiFKMcsqKrJSSEjsgAuv6YJTIiIche+pB/neHTIBZYDQHn59/xlIRSTkLPZEKihnLRm4n/eV2tgsteyqJEK4ioiRgv0ByrGM9awj4TQBWfGEKoYGZQTE1HhCrTZdE04Czuu0xa1YpjV5z783LtZt5FAR2jE3SGHHSBaugO1VETUfSIntEUvVpP1os1td6+oyvW/M4R+gPr4wt6FqH1</latexit>

• Link between maps and plans:

Figure 1: 1-NN accuracy scores v.s. dimension k. E is selected using
Algorithm 1 between the source and target covariance matrices for k =
32, 64, 128, 256, 512, 1024. Rows: sources, Columns: targets.

1

https://github.com/BorisMuzellec/SubspaceOT

