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1. “Vertically”: 

• Look at differences between densities:

|p(x)−q(x) | p(x)
q(x)or µ
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• Make something useful out of them: 

TV(µ, ⌫) = sup
A2B

|
Z

A(x)p(x)dx�
Z

A(x)q(x)dx|
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(Total variation)

(Kullback-Leibler)

(f-divergences)

(…)

DKL(µ, ⌫) =

Z
log

p(x)

q(x)
p(x)dx

<latexit sha1_base64="+7M4PfaIqBQtiA5BVNqfZfJHqvo="></latexit><latexit sha1_base64="+7M4PfaIqBQtiA5BVNqfZfJHqvo="></latexit><latexit sha1_base64="+7M4PfaIqBQtiA5BVNqfZfJHqvo="></latexit>

Df (µ, ⌫) =

Z
f

✓
p(x)

q(x)

◆
q(x)dx
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1. “Vertically”: 

• Look at differences between densities:

|p(x)−q(x) | p(x)
q(x)or µ
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What about ?
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Or ?
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2. “Horizontally”: 

• Look at distances on the supports:

µ
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2. “Horizontally”: 

• Look at distances on the supports:

Z Z
kx� yk2dµ(x)d⌫(y)

<latexit sha1_base64="IORc+c9oAGh97+dyaKgUW6oi4bw=">AAACKnicbVBLSwMxGMz6rPVV9eglWAQ9WHZF0GNRDx4r2Ad0a8lmv7ah2eySZKXLun9I/C+Kt+rVH2K2FtHWgcBkZr48xos4U9q2x9bC4tLyymphrbi+sbm1XdrZbagwlhTqNOShbHlEAWcC6pppDq1IAgk8Dk1veJX7zQeQioXiTicRdALSF6zHKNFG6pauXSZ0vrD7iEf4BCeG3J/6qTs5O5XgZ6kbxFl2NDrGP7LHYzC6yPXkuFsq2xV7AjxPnCkpoylq3dKL64c0DkBoyolSbceOdCclUjPKISu6sYKI0CHpQ9t/YJESJADVSUeT2zN82Asl1gPAk/3veEoCpZLAM5mA6IGa9XLxP68d695FJ2UiijUIaiLG68Uc6xDnvWGfSaCaJ4YQKpl5KKYDIgnVpt2iacCZ/e88aZxWHLvi3J6Vq5fTLgpoHx2gI+Sgc1RFN6iG6oiiJ/SKxujderberLH18R1dsKYze+gPrM8v3nKoOA==</latexit><latexit sha1_base64="IORc+c9oAGh97+dyaKgUW6oi4bw=">AAACKnicbVBLSwMxGMz6rPVV9eglWAQ9WHZF0GNRDx4r2Ad0a8lmv7ah2eySZKXLun9I/C+Kt+rVH2K2FtHWgcBkZr48xos4U9q2x9bC4tLyymphrbi+sbm1XdrZbagwlhTqNOShbHlEAWcC6pppDq1IAgk8Dk1veJX7zQeQioXiTicRdALSF6zHKNFG6pauXSZ0vrD7iEf4BCeG3J/6qTs5O5XgZ6kbxFl2NDrGP7LHYzC6yPXkuFsq2xV7AjxPnCkpoylq3dKL64c0DkBoyolSbceOdCclUjPKISu6sYKI0CHpQ9t/YJESJADVSUeT2zN82Asl1gPAk/3veEoCpZLAM5mA6IGa9XLxP68d695FJ2UiijUIaiLG68Uc6xDnvWGfSaCaJ4YQKpl5KKYDIgnVpt2iacCZ/e88aZxWHLvi3J6Vq5fTLgpoHx2gI+Sgc1RFN6iG6oiiJ/SKxujderberLH18R1dsKYze+gPrM8v3nKoOA==</latexit><latexit sha1_base64="IORc+c9oAGh97+dyaKgUW6oi4bw=">AAACKnicbVBLSwMxGMz6rPVV9eglWAQ9WHZF0GNRDx4r2Ad0a8lmv7ah2eySZKXLun9I/C+Kt+rVH2K2FtHWgcBkZr48xos4U9q2x9bC4tLyymphrbi+sbm1XdrZbagwlhTqNOShbHlEAWcC6pppDq1IAgk8Dk1veJX7zQeQioXiTicRdALSF6zHKNFG6pauXSZ0vrD7iEf4BCeG3J/6qTs5O5XgZ6kbxFl2NDrGP7LHYzC6yPXkuFsq2xV7AjxPnCkpoylq3dKL64c0DkBoyolSbceOdCclUjPKISu6sYKI0CHpQ9t/YJESJADVSUeT2zN82Asl1gPAk/3veEoCpZLAM5mA6IGa9XLxP68d695FJ2UiijUIaiLG68Uc6xDnvWGfSaCaJ4YQKpl5KKYDIgnVpt2iacCZ/e88aZxWHLvi3J6Vq5fTLgpoHx2gI+Sgc1RFN6iG6oiiJ/SKxujderberLH18R1dsKYze+gPrM8v3nKoOA==</latexit>

?
µ

<latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit><latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit><latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit>

⌫
<latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit><latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit><latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit>
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2. “Horizontally”: 

• Look at distances on the supports:

µ
<latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit><latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit><latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit>

⌫
<latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit><latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit><latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit>



How to compare distributions?

6

2. “Horizontally”: 

• Look at distances on the supports:

inf
T

Z
kx� T (x)k2dµ(x)

<latexit sha1_base64="k0uEWkiOZkRxvBdmWcjliw9vTuw=">AAACGHicbVDLTgIxFO3gC/GFunTTSExwIZkhJrokunGJCa+EQdLp3IGGziNth0DG+Q/jxxh36MrEnX9jB1koeBY3p/ecm9t7nIgzqUzzy8itrW9sbuW3Czu7e/sHxcOjlgxjQaFJQx6KjkMkcBZAUzHFoRMJIL7Doe2MbjO9PQYhWRg01DSCnk8GAfMYJUq3+sWqzQKv39BVYfsRT/AFbpQn55o/VN3Eni9IBLhpYvtxmmZSv1gyK+YceJVYC1JCC9T7xQ/bDWnsQ6AoJ1J2LTNSvYQIxSiHtGDHEiJCR2QAXXfMIhkQH2Qvmcy3p/jMCwVWQ8Dz9297Qnwpp76jPT5RQ7msZc3/tG6svOtewoIoVhBQbdGaF3OsQpylhF0mgCo+1YRQwfRHMR0SQajSWRZ0AtbyvaukVa1YZsW6vyzVbhZZ5NEJOkVlZKErVEN3qI6aiKIn9IJm6M14Nl6NmfH+Y80Zi5lj9AfG5zdKXZ9V</latexit><latexit sha1_base64="k0uEWkiOZkRxvBdmWcjliw9vTuw=">AAACGHicbVDLTgIxFO3gC/GFunTTSExwIZkhJrokunGJCa+EQdLp3IGGziNth0DG+Q/jxxh36MrEnX9jB1koeBY3p/ecm9t7nIgzqUzzy8itrW9sbuW3Czu7e/sHxcOjlgxjQaFJQx6KjkMkcBZAUzHFoRMJIL7Doe2MbjO9PQYhWRg01DSCnk8GAfMYJUq3+sWqzQKv39BVYfsRT/AFbpQn55o/VN3Eni9IBLhpYvtxmmZSv1gyK+YceJVYC1JCC9T7xQ/bDWnsQ6AoJ1J2LTNSvYQIxSiHtGDHEiJCR2QAXXfMIhkQH2Qvmcy3p/jMCwVWQ8Dz9297Qnwpp76jPT5RQ7msZc3/tG6svOtewoIoVhBQbdGaF3OsQpylhF0mgCo+1YRQwfRHMR0SQajSWRZ0AtbyvaukVa1YZsW6vyzVbhZZ5NEJOkVlZKErVEN3qI6aiKIn9IJm6M14Nl6NmfH+Y80Zi5lj9AfG5zdKXZ9V</latexit><latexit sha1_base64="k0uEWkiOZkRxvBdmWcjliw9vTuw=">AAACGHicbVDLTgIxFO3gC/GFunTTSExwIZkhJrokunGJCa+EQdLp3IGGziNth0DG+Q/jxxh36MrEnX9jB1koeBY3p/ecm9t7nIgzqUzzy8itrW9sbuW3Czu7e/sHxcOjlgxjQaFJQx6KjkMkcBZAUzHFoRMJIL7Doe2MbjO9PQYhWRg01DSCnk8GAfMYJUq3+sWqzQKv39BVYfsRT/AFbpQn55o/VN3Eni9IBLhpYvtxmmZSv1gyK+YceJVYC1JCC9T7xQ/bDWnsQ6AoJ1J2LTNSvYQIxSiHtGDHEiJCR2QAXXfMIhkQH2Qvmcy3p/jMCwVWQ8Dz9297Qnwpp76jPT5RQ7msZc3/tG6svOtewoIoVhBQbdGaF3OsQpylhF0mgCo+1YRQwfRHMR0SQajSWRZ0AtbyvaukVa1YZsW6vyzVbhZZ5NEJOkVlZKErVEN3qI6aiKIn9IJm6M14Nl6NmfH+Y80Zi5lj9AfG5zdKXZ9V</latexit> µ
<latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit><latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit><latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit>

⌫
<latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit><latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit><latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit>
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2. “Horizontally”: 

• Look at distances on the supports:

µ
<latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit><latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit><latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit>

⌫
<latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit><latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit><latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit>
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2. “Horizontally”: 

• Look at distances on the supports:

inf
T :T]µ=⌫

Z
kx� T (x)k2dµ(x)

<latexit sha1_base64="NQh5rcWwOB6AKmO+Hg2HofiqzLw="></latexit><latexit sha1_base64="NQh5rcWwOB6AKmO+Hg2HofiqzLw="></latexit><latexit sha1_base64="NQh5rcWwOB6AKmO+Hg2HofiqzLw="></latexit>

X ⇠ µ =) T (X) ⇠ ⌫
<latexit sha1_base64="I21lBN3jdSYWnlj+GxLiuSD/7uA=">AAACJnicbZC7TsMwFIadcivlVmBksaiQylIlCAnGChbGIvUmNVHluKetVTuJbKeiivI6iIdBMBXExqPghgy05Uy/z//5+Pj3I86Utu0vq7CxubW9U9wt7e0fHB6Vj0/aKowlhRYNeSi7PlHAWQAtzTSHbiSBCJ9Dx5/cL/zOFKRiYdDUswg8QUYBGzJKtGn1y/UudhUTOHGzWYmEQZq4Ik5T7DJhNgCFm9Xu5TLl8xgMFhisX67YNTsrvC6cXFRQXo1++d0dhDQWEGjKiVI9x460lxCpGeWQltxYQUTohIygN5iySAVEgPKSp+zpFF8MQ4n1GHB2/osnRCg1E75hBNFjteotmv95vVgPb72EBVGsIaAGMd4w5liHeJEZHjAJVPOZEYRKZhbFdEwkodokWzIJOKv/XRftq5pj15zH60r9Ls+iiM7QOaoiB92gOnpADdRCFD2jVzRHH9aL9WbNrc9ftGDld07RUlnfP1PLpvc=</latexit><latexit sha1_base64="I21lBN3jdSYWnlj+GxLiuSD/7uA=">AAACJnicbZC7TsMwFIadcivlVmBksaiQylIlCAnGChbGIvUmNVHluKetVTuJbKeiivI6iIdBMBXExqPghgy05Uy/z//5+Pj3I86Utu0vq7CxubW9U9wt7e0fHB6Vj0/aKowlhRYNeSi7PlHAWQAtzTSHbiSBCJ9Dx5/cL/zOFKRiYdDUswg8QUYBGzJKtGn1y/UudhUTOHGzWYmEQZq4Ik5T7DJhNgCFm9Xu5TLl8xgMFhisX67YNTsrvC6cXFRQXo1++d0dhDQWEGjKiVI9x460lxCpGeWQltxYQUTohIygN5iySAVEgPKSp+zpFF8MQ4n1GHB2/osnRCg1E75hBNFjteotmv95vVgPb72EBVGsIaAGMd4w5liHeJEZHjAJVPOZEYRKZhbFdEwkodokWzIJOKv/XRftq5pj15zH60r9Ls+iiM7QOaoiB92gOnpADdRCFD2jVzRHH9aL9WbNrc9ftGDld07RUlnfP1PLpvc=</latexit><latexit sha1_base64="I21lBN3jdSYWnlj+GxLiuSD/7uA=">AAACJnicbZC7TsMwFIadcivlVmBksaiQylIlCAnGChbGIvUmNVHluKetVTuJbKeiivI6iIdBMBXExqPghgy05Uy/z//5+Pj3I86Utu0vq7CxubW9U9wt7e0fHB6Vj0/aKowlhRYNeSi7PlHAWQAtzTSHbiSBCJ9Dx5/cL/zOFKRiYdDUswg8QUYBGzJKtGn1y/UudhUTOHGzWYmEQZq4Ik5T7DJhNgCFm9Xu5TLl8xgMFhisX67YNTsrvC6cXFRQXo1++d0dhDQWEGjKiVI9x460lxCpGeWQltxYQUTohIygN5iySAVEgPKSp+zpFF8MQ4n1GHB2/osnRCg1E75hBNFjteotmv95vVgPb72EBVGsIaAGMd4w5liHeJEZHjAJVPOZEYRKZhbFdEwkodokWzIJOKv/XRftq5pj15zH60r9Ls+iiM7QOaoiB92gOnpADdRCFD2jVzRHH9aL9WbNrc9ftGDld07RUlnfP1PLpvc=</latexit>

T]µ = ⌫
<latexit sha1_base64="NyebnZrnG3GMYyZ7vqiUoJL7NYQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwVRIRdCMU3bis0IfQhDCZ3LZDJw9mJsUS8h3ix4i76k5c+jdOYxBtPasz55yZuff4CWdSWdanUVlZXVvfqG7WtrZ3dvfM/YOujFNBoUNjHot7n0jgLIKOYorDfSKAhD6Hnj++mfu9CQjJ4qitpgm4IRlGbMAoUVryTLvtOXJERIIzp3gtExDkmROmeY6vfkSfp6DVSKueWbcaVgG8TOyS1FGJlme+O0FM0xAiRTmRsm9biXIzIhSjHPKak0pICB2TIfSDCUtkREKQbvZQfJ3jk0EssBoBLs6/4xkJpZyGvs6ERI3kojcX//P6qRpcuhmLklRBRHVEe4OUYxXjeUk4YAKo4lNNCBVMD4qpLolQpaus6QbsxX2XSfesYVsN++683rwuu6iiI3SMTpGNLlAT3aIW6iCKHtEzmqFX48l4MWbG23e0YpR3DtEfGB9fnHKhfQ==</latexit><latexit sha1_base64="NyebnZrnG3GMYyZ7vqiUoJL7NYQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwVRIRdCMU3bis0IfQhDCZ3LZDJw9mJsUS8h3ix4i76k5c+jdOYxBtPasz55yZuff4CWdSWdanUVlZXVvfqG7WtrZ3dvfM/YOujFNBoUNjHot7n0jgLIKOYorDfSKAhD6Hnj++mfu9CQjJ4qitpgm4IRlGbMAoUVryTLvtOXJERIIzp3gtExDkmROmeY6vfkSfp6DVSKueWbcaVgG8TOyS1FGJlme+O0FM0xAiRTmRsm9biXIzIhSjHPKak0pICB2TIfSDCUtkREKQbvZQfJ3jk0EssBoBLs6/4xkJpZyGvs6ERI3kojcX//P6qRpcuhmLklRBRHVEe4OUYxXjeUk4YAKo4lNNCBVMD4qpLolQpaus6QbsxX2XSfesYVsN++683rwuu6iiI3SMTpGNLlAT3aIW6iCKHtEzmqFX48l4MWbG23e0YpR3DtEfGB9fnHKhfQ==</latexit><latexit sha1_base64="NyebnZrnG3GMYyZ7vqiUoJL7NYQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwVRIRdCMU3bis0IfQhDCZ3LZDJw9mJsUS8h3ix4i76k5c+jdOYxBtPasz55yZuff4CWdSWdanUVlZXVvfqG7WtrZ3dvfM/YOujFNBoUNjHot7n0jgLIKOYorDfSKAhD6Hnj++mfu9CQjJ4qitpgm4IRlGbMAoUVryTLvtOXJERIIzp3gtExDkmROmeY6vfkSfp6DVSKueWbcaVgG8TOyS1FGJlme+O0FM0xAiRTmRsm9biXIzIhSjHPKak0pICB2TIfSDCUtkREKQbvZQfJ3jk0EssBoBLs6/4xkJpZyGvs6ERI3kojcX//P6qRpcuhmLklRBRHVEe4OUYxXjeUk4YAKo4lNNCBVMD4qpLolQpaus6QbsxX2XSfesYVsN++683rwuu6iiI3SMTpGNLlAT3aIW6iCKHtEzmqFX48l4MWbG23e0YpR3DtEfGB9fnHKhfQ==</latexit>

iff

µ
<latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit><latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit><latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit>

⌫
<latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit><latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit><latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit>
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2. “Horizontally”: 

• Look at distances on the supports:

inf
T :T]µ=⌫

Z
kx� T (x)k2dµ(x)

<latexit sha1_base64="NQh5rcWwOB6AKmO+Hg2HofiqzLw="></latexit><latexit sha1_base64="NQh5rcWwOB6AKmO+Hg2HofiqzLw="></latexit><latexit sha1_base64="NQh5rcWwOB6AKmO+Hg2HofiqzLw="></latexit>

X ⇠ µ =) T (X) ⇠ ⌫
<latexit sha1_base64="I21lBN3jdSYWnlj+GxLiuSD/7uA=">AAACJnicbZC7TsMwFIadcivlVmBksaiQylIlCAnGChbGIvUmNVHluKetVTuJbKeiivI6iIdBMBXExqPghgy05Uy/z//5+Pj3I86Utu0vq7CxubW9U9wt7e0fHB6Vj0/aKowlhRYNeSi7PlHAWQAtzTSHbiSBCJ9Dx5/cL/zOFKRiYdDUswg8QUYBGzJKtGn1y/UudhUTOHGzWYmEQZq4Ik5T7DJhNgCFm9Xu5TLl8xgMFhisX67YNTsrvC6cXFRQXo1++d0dhDQWEGjKiVI9x460lxCpGeWQltxYQUTohIygN5iySAVEgPKSp+zpFF8MQ4n1GHB2/osnRCg1E75hBNFjteotmv95vVgPb72EBVGsIaAGMd4w5liHeJEZHjAJVPOZEYRKZhbFdEwkodokWzIJOKv/XRftq5pj15zH60r9Ls+iiM7QOaoiB92gOnpADdRCFD2jVzRHH9aL9WbNrc9ftGDld07RUlnfP1PLpvc=</latexit><latexit sha1_base64="I21lBN3jdSYWnlj+GxLiuSD/7uA=">AAACJnicbZC7TsMwFIadcivlVmBksaiQylIlCAnGChbGIvUmNVHluKetVTuJbKeiivI6iIdBMBXExqPghgy05Uy/z//5+Pj3I86Utu0vq7CxubW9U9wt7e0fHB6Vj0/aKowlhRYNeSi7PlHAWQAtzTSHbiSBCJ9Dx5/cL/zOFKRiYdDUswg8QUYBGzJKtGn1y/UudhUTOHGzWYmEQZq4Ik5T7DJhNgCFm9Xu5TLl8xgMFhisX67YNTsrvC6cXFRQXo1++d0dhDQWEGjKiVI9x460lxCpGeWQltxYQUTohIygN5iySAVEgPKSp+zpFF8MQ4n1GHB2/osnRCg1E75hBNFjteotmv95vVgPb72EBVGsIaAGMd4w5liHeJEZHjAJVPOZEYRKZhbFdEwkodokWzIJOKv/XRftq5pj15zH60r9Ls+iiM7QOaoiB92gOnpADdRCFD2jVzRHH9aL9WbNrc9ftGDld07RUlnfP1PLpvc=</latexit><latexit sha1_base64="I21lBN3jdSYWnlj+GxLiuSD/7uA=">AAACJnicbZC7TsMwFIadcivlVmBksaiQylIlCAnGChbGIvUmNVHluKetVTuJbKeiivI6iIdBMBXExqPghgy05Uy/z//5+Pj3I86Utu0vq7CxubW9U9wt7e0fHB6Vj0/aKowlhRYNeSi7PlHAWQAtzTSHbiSBCJ9Dx5/cL/zOFKRiYdDUswg8QUYBGzJKtGn1y/UudhUTOHGzWYmEQZq4Ik5T7DJhNgCFm9Xu5TLl8xgMFhisX67YNTsrvC6cXFRQXo1++d0dhDQWEGjKiVI9x460lxCpGeWQltxYQUTohIygN5iySAVEgPKSp+zpFF8MQ4n1GHB2/osnRCg1E75hBNFjteotmv95vVgPb72EBVGsIaAGMd4w5liHeJEZHjAJVPOZEYRKZhbFdEwkodokWzIJOKv/XRftq5pj15zH60r9Ls+iiM7QOaoiB92gOnpADdRCFD2jVzRHH9aL9WbNrc9ftGDld07RUlnfP1PLpvc=</latexit>

T]µ = ⌫
<latexit sha1_base64="NyebnZrnG3GMYyZ7vqiUoJL7NYQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwVRIRdCMU3bis0IfQhDCZ3LZDJw9mJsUS8h3ix4i76k5c+jdOYxBtPasz55yZuff4CWdSWdanUVlZXVvfqG7WtrZ3dvfM/YOujFNBoUNjHot7n0jgLIKOYorDfSKAhD6Hnj++mfu9CQjJ4qitpgm4IRlGbMAoUVryTLvtOXJERIIzp3gtExDkmROmeY6vfkSfp6DVSKueWbcaVgG8TOyS1FGJlme+O0FM0xAiRTmRsm9biXIzIhSjHPKak0pICB2TIfSDCUtkREKQbvZQfJ3jk0EssBoBLs6/4xkJpZyGvs6ERI3kojcX//P6qRpcuhmLklRBRHVEe4OUYxXjeUk4YAKo4lNNCBVMD4qpLolQpaus6QbsxX2XSfesYVsN++683rwuu6iiI3SMTpGNLlAT3aIW6iCKHtEzmqFX48l4MWbG23e0YpR3DtEfGB9fnHKhfQ==</latexit><latexit sha1_base64="NyebnZrnG3GMYyZ7vqiUoJL7NYQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwVRIRdCMU3bis0IfQhDCZ3LZDJw9mJsUS8h3ix4i76k5c+jdOYxBtPasz55yZuff4CWdSWdanUVlZXVvfqG7WtrZ3dvfM/YOujFNBoUNjHot7n0jgLIKOYorDfSKAhD6Hnj++mfu9CQjJ4qitpgm4IRlGbMAoUVryTLvtOXJERIIzp3gtExDkmROmeY6vfkSfp6DVSKueWbcaVgG8TOyS1FGJlme+O0FM0xAiRTmRsm9biXIzIhSjHPKak0pICB2TIfSDCUtkREKQbvZQfJ3jk0EssBoBLs6/4xkJpZyGvs6ERI3kojcX//P6qRpcuhmLklRBRHVEe4OUYxXjeUk4YAKo4lNNCBVMD4qpLolQpaus6QbsxX2XSfesYVsN++683rwuu6iiI3SMTpGNLlAT3aIW6iCKHtEzmqFX48l4MWbG23e0YpR3DtEfGB9fnHKhfQ==</latexit><latexit sha1_base64="NyebnZrnG3GMYyZ7vqiUoJL7NYQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwVRIRdCMU3bis0IfQhDCZ3LZDJw9mJsUS8h3ix4i76k5c+jdOYxBtPasz55yZuff4CWdSWdanUVlZXVvfqG7WtrZ3dvfM/YOujFNBoUNjHot7n0jgLIKOYorDfSKAhD6Hnj++mfu9CQjJ4qitpgm4IRlGbMAoUVryTLvtOXJERIIzp3gtExDkmROmeY6vfkSfp6DVSKueWbcaVgG8TOyS1FGJlme+O0FM0xAiRTmRsm9biXIzIhSjHPKak0pICB2TIfSDCUtkREKQbvZQfJ3jk0EssBoBLs6/4xkJpZyGvs6ERI3kojcX//P6qRpcuhmLklRBRHVEe4OUYxXjeUk4YAKo4lNNCBVMD4qpLolQpaus6QbsxX2XSfesYVsN++683rwuu6iiI3SMTpGNLlAT3aIW6iCKHtEzmqFX48l4MWbG23e0YpR3DtEfGB9fnHKhfQ==</latexit>

iff

µ
<latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit><latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit><latexit sha1_base64="8wZTGlwh7iIVuA96dpw7v/zQkgo=">AAAB+XicbVC9TsMwGHTKXyl/gY4sFhUSU5UgJBgrWBiLREulJqoc50tr1U4i26moojwLYiusPAgzb4MbMkDLTee78/fZF6ScKe04X1ZtY3Nre6e+29jbPzg8so9P+irJJIUeTXgiBwFRwFkMPc00h0EqgYiAw1MwvVv6TzOQiiXxo56n4AsyjlnEKNFGGtnN3CuH5BLCIvdEVhR4ZLectlMCrxO3Ii1UoTuyP70woZmAWFNOlBq6Tqr9nEjNKIei4WUKUkKnZAzDcMZSFRMBys+fy9UFPo8SifUEcHn+Hc+JUGouApMRRE/UqrcU//OGmY5u/JzFaaYhpiZivCjjWCd4WQMOmQSq+dwQQiUzD8V0QiSh2pTVMA24q/9dJ/3Ltuu03YerVue26qKOTtEZukAuukYddI+6qIcomqMXtEBvVm69Wgvr/Sdas6o7TfQH1sc3ucmUXQ==</latexit>

⌫
<latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit><latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit><latexit sha1_base64="7N5pYqoaRGaSh1N1mNB7nNl8M0E=">AAAB+nicbVDJTsMwFHRYS9nCcuNiUSFxqhKEBMcKLhyLRBepiSrHfWmtOou8VJSQf0HcClf+gzN/gxtygJY5jWfG79kTpJxJ5Thf1srq2vrGZmWrur2zu7dvHxy2ZaIFhRZNeCK6AZHAWQwtxRSHbiqARAGHTjC+nfudCQjJkvhBTVPwIzKMWcgoUUbq28eZVwzJAq4hz7xY5znu2zWn7hTAy8QtSQ2VaPbtT2+QUB1BrCgnUvZcJ1V+RoRilENe9bSElNAxGUJvMGGpjEkE0s8ei905PgsTgdUIcHH+Hc9IJOU0CkwmImokF725+J/X0yq89jMWp1pBTE3EeKHmWCV43gMeMAFU8akhhApmHorpiAhClWmrahpwF/+7TNoXddepu/eXtcZN2UUFnaBTdI5cdIUa6A41UQtR9IRe0Ay9Wc/WqzWz3n+iK1Z55wj9gfXxDYxxlNU=</latexit>

“  pushes forward  to ”T μ ν

“  is a Monge map from  to ”T μ ν
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7

(x, T (x))
<latexit sha1_base64="e07iovSlvwAIzcwgDZQS1KssvNc=">AAACDnicbVDLSsNAFJ34rPUVdelmsAgpSElE0GXRjcsKfUEbymRy0w6dPJiZlJaQXxA/RtxVt+5c+zemMYK2ntWZc87M3HuciDOpTPNTW1vf2NzaLu2Ud/f2Dw71o+O2DGNBoUVDHoquQyRwFkBLMcWhGwkgvsOh44zvFn5nAkKyMGiqWQS2T4YB8xglKpMGumEk/fyVRICbJtM0vcA/isNjSJOmMa2maXWgV8yamQOvEqsgFVSgMdA/+m5IYx8CRTmRsmeZkbITIhSjHNJyP5YQETomQ+i5ExbJgPgg7WSaf57icy8UWI0A5+ff8YT4Us58J8v4RI3ksrcQ//N6sfJu7IQFUawgoFkk87yYYxXiRTfYZQKo4rOMECpYNiimIyIIVVmD5awBa3nfVdK+rFlmzXq4qtRviy5K6BSdIQNZ6BrV0T1qoBai6BE9ozl61Z60F22uvX1H17Tizgn6A+39C5AInQ4=</latexit><latexit sha1_base64="e07iovSlvwAIzcwgDZQS1KssvNc=">AAACDnicbVDLSsNAFJ34rPUVdelmsAgpSElE0GXRjcsKfUEbymRy0w6dPJiZlJaQXxA/RtxVt+5c+zemMYK2ntWZc87M3HuciDOpTPNTW1vf2NzaLu2Ud/f2Dw71o+O2DGNBoUVDHoquQyRwFkBLMcWhGwkgvsOh44zvFn5nAkKyMGiqWQS2T4YB8xglKpMGumEk/fyVRICbJtM0vcA/isNjSJOmMa2maXWgV8yamQOvEqsgFVSgMdA/+m5IYx8CRTmRsmeZkbITIhSjHNJyP5YQETomQ+i5ExbJgPgg7WSaf57icy8UWI0A5+ff8YT4Us58J8v4RI3ksrcQ//N6sfJu7IQFUawgoFkk87yYYxXiRTfYZQKo4rOMECpYNiimIyIIVVmD5awBa3nfVdK+rFlmzXq4qtRviy5K6BSdIQNZ6BrV0T1qoBai6BE9ozl61Z60F22uvX1H17Tizgn6A+39C5AInQ4=</latexit><latexit sha1_base64="e07iovSlvwAIzcwgDZQS1KssvNc=">AAACDnicbVDLSsNAFJ34rPUVdelmsAgpSElE0GXRjcsKfUEbymRy0w6dPJiZlJaQXxA/RtxVt+5c+zemMYK2ntWZc87M3HuciDOpTPNTW1vf2NzaLu2Ud/f2Dw71o+O2DGNBoUVDHoquQyRwFkBLMcWhGwkgvsOh44zvFn5nAkKyMGiqWQS2T4YB8xglKpMGumEk/fyVRICbJtM0vcA/isNjSJOmMa2maXWgV8yamQOvEqsgFVSgMdA/+m5IYx8CRTmRsmeZkbITIhSjHNJyP5YQETomQ+i5ExbJgPgg7WSaf57icy8UWI0A5+ff8YT4Us58J8v4RI3ksrcQ//N6sfJu7IQFUawgoFkk87yYYxXiRTfYZQKo4rOMECpYNiimIyIIVVmD5awBa3nfVdK+rFlmzXq4qtRviy5K6BSdIQNZ6BrV0T1qoBai6BE9ozl61Z60F22uvX1H17Tizgn6A+39C5AInQ4=</latexit>

W2
2(μ, ν) = inf

T♯μ=ν ∫Ω
∥x − T(x)∥2μ(dx)

Prop. When a Monge map T exists,

• Monge version



(2-)Wasserstein Distances

7

(x, T (x))
<latexit sha1_base64="e07iovSlvwAIzcwgDZQS1KssvNc=">AAACDnicbVDLSsNAFJ34rPUVdelmsAgpSElE0GXRjcsKfUEbymRy0w6dPJiZlJaQXxA/RtxVt+5c+zemMYK2ntWZc87M3HuciDOpTPNTW1vf2NzaLu2Ud/f2Dw71o+O2DGNBoUVDHoquQyRwFkBLMcWhGwkgvsOh44zvFn5nAkKyMGiqWQS2T4YB8xglKpMGumEk/fyVRICbJtM0vcA/isNjSJOmMa2maXWgV8yamQOvEqsgFVSgMdA/+m5IYx8CRTmRsmeZkbITIhSjHNJyP5YQETomQ+i5ExbJgPgg7WSaf57icy8UWI0A5+ff8YT4Us58J8v4RI3ksrcQ//N6sfJu7IQFUawgoFkk87yYYxXiRTfYZQKo4rOMECpYNiimIyIIVVmD5awBa3nfVdK+rFlmzXq4qtRviy5K6BSdIQNZ6BrV0T1qoBai6BE9ozl61Z60F22uvX1H17Tizgn6A+39C5AInQ4=</latexit><latexit sha1_base64="e07iovSlvwAIzcwgDZQS1KssvNc=">AAACDnicbVDLSsNAFJ34rPUVdelmsAgpSElE0GXRjcsKfUEbymRy0w6dPJiZlJaQXxA/RtxVt+5c+zemMYK2ntWZc87M3HuciDOpTPNTW1vf2NzaLu2Ud/f2Dw71o+O2DGNBoUVDHoquQyRwFkBLMcWhGwkgvsOh44zvFn5nAkKyMGiqWQS2T4YB8xglKpMGumEk/fyVRICbJtM0vcA/isNjSJOmMa2maXWgV8yamQOvEqsgFVSgMdA/+m5IYx8CRTmRsmeZkbITIhSjHNJyP5YQETomQ+i5ExbJgPgg7WSaf57icy8UWI0A5+ff8YT4Us58J8v4RI3ksrcQ//N6sfJu7IQFUawgoFkk87yYYxXiRTfYZQKo4rOMECpYNiimIyIIVVmD5awBa3nfVdK+rFlmzXq4qtRviy5K6BSdIQNZ6BrV0T1qoBai6BE9ozl61Z60F22uvX1H17Tizgn6A+39C5AInQ4=</latexit><latexit sha1_base64="e07iovSlvwAIzcwgDZQS1KssvNc=">AAACDnicbVDLSsNAFJ34rPUVdelmsAgpSElE0GXRjcsKfUEbymRy0w6dPJiZlJaQXxA/RtxVt+5c+zemMYK2ntWZc87M3HuciDOpTPNTW1vf2NzaLu2Ud/f2Dw71o+O2DGNBoUVDHoquQyRwFkBLMcWhGwkgvsOh44zvFn5nAkKyMGiqWQS2T4YB8xglKpMGumEk/fyVRICbJtM0vcA/isNjSJOmMa2maXWgV8yamQOvEqsgFVSgMdA/+m5IYx8CRTmRsmeZkbITIhSjHNJyP5YQETomQ+i5ExbJgPgg7WSaf57icy8UWI0A5+ff8YT4Us58J8v4RI3ksrcQ//N6sfJu7IQFUawgoFkk87yYYxXiRTfYZQKo4rOMECpYNiimIyIIVVmD5awBa3nfVdK+rFlmzXq4qtRviy5K6BSdIQNZ6BrV0T1qoBai6BE9ozl61Z60F22uvX1H17Tizgn6A+39C5AInQ4=</latexit>

W2
2(μ, ν) = inf

T♯μ=ν ∫Ω
∥x − T(x)∥2μ(dx)

Prop. When a Monge map T exists,

• Monge version

�(x, y)
<latexit sha1_base64="wUipeMRxsqnQVbPrlayG6CixDgM=">AAACEXicbVDLSgMxFM3UV62vqks3wSJUlDIjgi6LblxWsA9oS8lk7rShycyQZErLMB8hfoy4q25duPZvTMcK2npWJ+ecJPceN+JMadv+tHIrq2vrG/nNwtb2zu5ecf+gocJYUqjTkIey5RIFnAVQ10xzaEUSiHA5NN3h7cxvjkAqFgYPehJBV5B+wHxGiTZSr3jW6RMhSDnpZG8lErw0GafpOf5RXB5DmkzS9LRXLNkVOwNeJs6clNActV7xo+OFNBYQaMqJUm3HjnQ3IVIzyiEtdGIFEaFD0oe2N2KRCogA1U3G2c8pPvFDifUAcHb+HU+IUGoiXJMRRA/UojcT//PasfavuwkLolhDQE3EeH7MsQ7xrB7sMQlU84khhEpmBsV0QCSh2pRYMA04i/suk8ZFxbErzv1lqXoz7yKPjtAxKiMHXaEqukM1VEcUPaJnNEWv1pP1Yk2tt+9ozprfOUR/YL1/Actsnuc=</latexit><latexit sha1_base64="wUipeMRxsqnQVbPrlayG6CixDgM=">AAACEXicbVDLSgMxFM3UV62vqks3wSJUlDIjgi6LblxWsA9oS8lk7rShycyQZErLMB8hfoy4q25duPZvTMcK2npWJ+ecJPceN+JMadv+tHIrq2vrG/nNwtb2zu5ecf+gocJYUqjTkIey5RIFnAVQ10xzaEUSiHA5NN3h7cxvjkAqFgYPehJBV5B+wHxGiTZSr3jW6RMhSDnpZG8lErw0GafpOf5RXB5DmkzS9LRXLNkVOwNeJs6clNActV7xo+OFNBYQaMqJUm3HjnQ3IVIzyiEtdGIFEaFD0oe2N2KRCogA1U3G2c8pPvFDifUAcHb+HU+IUGoiXJMRRA/UojcT//PasfavuwkLolhDQE3EeH7MsQ7xrB7sMQlU84khhEpmBsV0QCSh2pRYMA04i/suk8ZFxbErzv1lqXoz7yKPjtAxKiMHXaEqukM1VEcUPaJnNEWv1pP1Yk2tt+9ozprfOUR/YL1/Actsnuc=</latexit><latexit sha1_base64="wUipeMRxsqnQVbPrlayG6CixDgM=">AAACEXicbVDLSgMxFM3UV62vqks3wSJUlDIjgi6LblxWsA9oS8lk7rShycyQZErLMB8hfoy4q25duPZvTMcK2npWJ+ecJPceN+JMadv+tHIrq2vrG/nNwtb2zu5ecf+gocJYUqjTkIey5RIFnAVQ10xzaEUSiHA5NN3h7cxvjkAqFgYPehJBV5B+wHxGiTZSr3jW6RMhSDnpZG8lErw0GafpOf5RXB5DmkzS9LRXLNkVOwNeJs6clNActV7xo+OFNBYQaMqJUm3HjnQ3IVIzyiEtdGIFEaFD0oe2N2KRCogA1U3G2c8pPvFDifUAcHb+HU+IUGoiXJMRRA/UojcT//PasfavuwkLolhDQE3EeH7MsQ7xrB7sMQlU84khhEpmBsV0QCSh2pRYMA04i/suk8ZFxbErzv1lqXoz7yKPjtAxKiMHXaEqukM1VEcUPaJnNEWv1pP1Yk2tt+9ozprfOUR/YL1/Actsnuc=</latexit>

W2
2(μ, ν) def= inf

γ∈Π(μ,ν) ∫Ω
∥x − y∥2dγ(x, y)

Def. The 2-Wasserstein distance between μ, ν ∈ P(Ω) is

⇧(µ,⌫)
def
= {P 2 P(⌦⇥ ⌦)| 8A,B ⇢ ⌦,

P (A⇥ ⌦) = µ(A),P (⌦⇥B) = ⌫(B)}

• Kantorovich version

“Couplings”

“Kantorovich / transportation plans”
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Prop. For “well behaved” costs c, if µ has
a density then an optimal Monge map T ? be-
tween µ and ⌫ must exist.
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Prop. For “well behaved” costs c, if µ has
a density then an optimal Monge map T ? be-
tween µ and ⌫ must exist.

�? = (Id, T ?)]µ
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(x, T (x))
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• Link between Monge maps and Kantorovitch plans:
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• Discrete/Discrete: 

• LP with  complexity using network simplex 

• Better with (entropic) regularization [Cuturi’13, Genevay et al.’16, Altschuler et al.’17…]

O(n3 log n)
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How to compute Wasserstein distances?

9

• Discrete/Discrete: 

• LP with  complexity using network simplex 

• Better with (entropic) regularization [Cuturi’13, Genevay et al.’16, Altschuler et al.’17…]

O(n3 log n)

• Discrete/Continous: 

• Ok-ish… (Laguerre tesselations) 

• Continuous/Continous:    ?  

• Closed form: elliptical distributions (next slides)



II. The Wasserstein-
Bures Distance



Elliptical Distributions
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Examples: 

• Multivariate normal distributions 
• Elliptical uniform distributions 
• (Multivariate) t-Student…

f(x) =
1
|C |

h((x−m)⊤C−1(x−m))

where ∫ℝd

h(∥x∥2)dx = 1, C ∈ S+
n

« Def. » Probability measures with densities



W2
2(α, β) = ∥mα − mβ∥2

2 + 𝔅2(covα, covβ)

is the (squared) Bures distance

Prop. If α, β ∈ P(ℝd) are elliptical distributions (from the same family), then

OT for Elliptical Distributions

12

[Gelbrich’90]

B2(A,B)
def
= TrA+TrB� 2Tr(A

1
2BA

1
2 )

1
2
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2(α, β) = ∥mα − mβ∥2

2 + 𝔅2(covα, covβ)

is the (squared) Bures distance

Prop. If α, β ∈ P(ℝd) are elliptical distributions (from the same family), then

OT for Elliptical Distributions

12

[Gelbrich’90]

Prop. If α, β ∈ P(ℝd) are elliptical distributions with covα = A, covβ = B, then

is the optimal Monge mapT(x) = mβ + TAB(x − mα)

where TAB def= A−
1
2 (A

1
2 BA

1
2 )

1
2 A−

1
2  is s.t. TABATAB = B

α β
T♯α = β

B2(A,B)
def
= TrA+TrB� 2Tr(A

1
2BA

1
2 )

1
2
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W2
2(α, β) ≥ ∥mα − mβ∥2

2 + 𝔅2(covα, covβ)

is the (squared) Bures distance

Prop. 

B2(A,B)
def
= TrA+TrB� 2Tr(A

1
2BA

1
2 )

1
2

<latexit sha1_base64="0Ij0CwMgYbSAcLl+Nck2OhyumkE="></latexit><latexit sha1_base64="0Ij0CwMgYbSAcLl+Nck2OhyumkE="></latexit><latexit sha1_base64="0Ij0CwMgYbSAcLl+Nck2OhyumkE="></latexit>

Wasserstein-Bures is a lower bound of Wasserstein. 

• What if  are not elliptical?α, β



A Lemma

14

Lemma. [Bhatia et al.'17]

F (A,B)
def
= Tr(A

1
2BA

1
2 )

1
2

= max{trX :
�

A X
XT B

�
� 0}
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B2(A,B)
def
= TrA+TrB� 2Tr(A

1
2BA

1
2 )

1
2
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Lower bound 
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W2
2(α, β) ≥ ∥mα − mβ∥2

2 + 𝔅2(covα, covβ)

Prop. 

Proof.  
(centered case)

𝔅2(A, B) def= TrA+TrB−2F(A, B) F(A, B) = max{trX : ( A X
XT B) ≥ 0}With
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W2
2(α, β) ≥ ∥mα − mβ∥2

2 + 𝔅2(covα, covβ)

Prop. 

Proof.  
(centered case)

W 2
2 (µ, ⌫)

def
= min

�2⇧(µ,⌫)
E(X,Y )⇠�

⇥
kX � Y k2

⇤

= TrA+TrB� 2 max
�2⇧(µ,⌫)

Tr[Cov�(X,Y )]
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W 2
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def
= min

�2⇧(µ,⌫)
E(X,Y )⇠�

⇥
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⇤
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𝔅2(A, B) def= TrA+TrB−2F(A, B) F(A, B) = max{trX : ( A X
XT B) ≥ 0}With

But � 2 ⇧(µ, ⌫) =) cov(�) =
⇣

A Cov�(X,Y )

Cov�(X,Y )T B

⌘
� 0
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W2
2(α, β) ≥ ∥mα − mβ∥2

2 + 𝔅2(covα, covβ)

Prop. 

Proof.  
(centered case)

W 2
2 (µ, ⌫)

def
= min

�2⇧(µ,⌫)
E(X,Y )⇠�

⇥
kX � Y k2

⇤

= TrA+TrB� 2 max
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𝔅2(A, B) def= TrA+TrB−2F(A, B) F(A, B) = max{trX : ( A X
XT B) ≥ 0}With

Hence 8� 2 ⇧(µ, ⌫), Tr[Cov�(X,Y )]  F (A,B) ⌅
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How tight is this bound?
• Q: Is there an equality case?

• Q: (Matching) upper bound?

• A: Yes —> Elliptical distributions

• A: …

W 2
2 (µ, ⌫)  kmµ �m⌫k22 +TrA+TrB
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Equality Case
Lemma. [Bhatia et al.’17]

argmax{trX :
�

A X
XT B

�
� 0} = (AB)

1
2 = ATAB
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rk[cov(�)] = rk
⇣

A ATAB

TABA B

⌘
= d (< 2d)
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•  is the law of  with  and .γ (X, Y ) X ∼ μ, Y ∼ ν Y = TABX

• Implies  and   (Riccati equation).ν = (TAB)♯μ TABATAB = B

• e.g.  are from the same elliptical family.μ, ν
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rk[cov(�)] = rk
⇣

A ATAB

TABA B

⌘
= d (< 2d)
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Elliptical Distributions
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f(x) =
1
|C |

h((x−m)⊤C−1(x−m))

where ∫ℝd

h(∥x∥2)dx = 1, C ∈ S+
n

« Def. » Probability measures with densities

Examples: 

• Multivariate normal distributions 
• Elliptical uniform distributions 
• (Multivariate) t-Student… B0 = 03⇥3

B3=
h
3 1 1
1 4 �1
1 �1 6

i

A=
h
8 �2 0
�2 8 0
0 0 4

i

B1=vvT

B2=
h
8 �5 0
�5 8 0
0 0 0

i



III. Working with the 
Bures distance



Issues

1. How to compute matrix roots (in a scalable way)? 

2. How to compute gradients? 

3. Can I avoid projections on the PSD cone?

B2(A,B)
def
= TrA+TrB� 2Tr(A

1
2BA

1
2 )

1
2

= TrA+TrB� 2Tr(AB)
1
2
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How (not) to compute roots?

B2(A,B)
def
= TrA+TrB� 2Tr(A
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If ,∥I−A∥ < 1

with quadratic convergence.

Prop. [Higham’08]

Xk+1 =
1

2
Xk(3I�YkXk), X0 = A

Yk+1 =
1

2
(3I�YkXk)Yk, Y0 = I
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How to compute roots

23

• GPU friendly (batch matrix-matrix multiplications) 

• Gives simultaneously the square root and its inverse

• Newton-Schulz square root iterations:

lim
k!1

Xk = A
1
2 , lim

k!1
Yk = A� 1

2
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Issues

1. How to compute matrix roots (in a scalable way)? 

2. How to compute gradients? 

3. Can I avoid projections on the PSD cone?

B2(A,B)
def
= TrA+TrB� 2Tr(A

1
2BA

1
2 )

1
2

= TrA+TrB� 2Tr(AB)
1
2
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Option 1: Automatic differentiation 

• Has the same cost as computing 

• Gives the exact gradient of the approximated distance               

𝔅2(A, B)
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rAB2(A,B) = I�TAB, TAB = A� 1
2 (A

1
2BA

1
2 )

1
2A� 1

2
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In most applications, we need both                      and∇A𝔅2(A, B) ∇B𝔅2(A, B)

rAB2(A,B) = I�TAB, TAB = A� 1
2 (A

1
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1
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1
2A� 1
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Option 2: Closed form & a nice hack 

•                                                     we need         and ∇A𝔅2(A, B) = I − TAB TBATAB

How to compute the Bures Gradient?

25

In most applications, we need both                      and∇A𝔅2(A, B) ∇B𝔅2(A, B)

rAB2(A,B) = I�TAB, TAB = A� 1
2 (A

1
2BA

1
2 )

1
2A� 1

2
<latexit sha1_base64="2E7TAWtNCNyDgf3p00xNPWVxYLQ="></latexit><latexit sha1_base64="2E7TAWtNCNyDgf3p00xNPWVxYLQ="></latexit><latexit sha1_base64="2E7TAWtNCNyDgf3p00xNPWVxYLQ="></latexit>



Option 2: Closed form & a nice hack 

•                                                     we need         and ∇A𝔅2(A, B) = I − TAB TBATAB

How to compute the Bures Gradient?

25

In most applications, we need both                      and∇A𝔅2(A, B) ∇B𝔅2(A, B)

The naive way: TAB = A−
1
2 (A

1
2 BA

1
2 )

1
2 A−

1
2 , TBA = B−

1
2 (B

1
2 AB

1
2 )

1
2 B−

1
2

We need: {A
1
2 , A−

1
2 }, {B

1
2 , B−

1
2 }, {(A

1
2 BA

1
2 )

1
2}, {(B

1
2 AB

1
2 )

1
2}

4 runs of Newton-Schulz

rAB2(A,B) = I�TAB, TAB = A� 1
2 (A

1
2BA

1
2 )

1
2A� 1

2
<latexit sha1_base64="2E7TAWtNCNyDgf3p00xNPWVxYLQ="></latexit><latexit sha1_base64="2E7TAWtNCNyDgf3p00xNPWVxYLQ="></latexit><latexit sha1_base64="2E7TAWtNCNyDgf3p00xNPWVxYLQ="></latexit>



Option 2: Closed form & a nice hack 

•                                                     we need         and ∇A𝔅2(A, B) = I − TAB TBATAB

How to compute the Bures Gradient?

25

In most applications, we need both                      and∇A𝔅2(A, B) ∇B𝔅2(A, B)

rAB2(A,B) = I�TAB, TAB = A� 1
2 (A

1
2BA

1
2 )

1
2A� 1

2
<latexit sha1_base64="2E7TAWtNCNyDgf3p00xNPWVxYLQ="></latexit><latexit sha1_base64="2E7TAWtNCNyDgf3p00xNPWVxYLQ="></latexit><latexit sha1_base64="2E7TAWtNCNyDgf3p00xNPWVxYLQ="></latexit>



Option 2: Closed form & a nice hack 

•                                                     we need         and ∇A𝔅2(A, B) = I − TAB TBATAB

Prop. 
TAB = A� 1

2 (A
1
2BA

1
2 )

1
2A� 1
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= B
1
2 (B

1
2AB

1
2 )�

1
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1
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Option 2: Closed form & a nice hack 

•                                                     we need         and ∇A𝔅2(A, B) = I − TAB TBATAB

The better way: TAB = A−
1
2 (A

1
2 BA
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1
2 A−

1
2 , TBA = A

1
2(A

1
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1
2 )−

1
2 A
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1
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1
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1
2 BA

1
2 )

1
2 , (A

1
2 BA

1
2 )−

1
2 }

2 runs of Newton-Schulz
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In most applications, we need both                      and∇A𝔅2(A, B) ∇B𝔅2(A, B)

0 if we computed                earlier𝔅2(A, B)

rAB2(A,B) = I�TAB, TAB = A� 1
2 (A

1
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1
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1
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• [BM&Cuturi’18]



Issues

1. How to compute matrix roots (in a scalable way)? 

2. How to compute gradients? 

3. Can I avoid projections on the PSD cone?

B2(A,B)
def
= TrA+TrB� 2Tr(A

1
2BA

1
2 )

1
2

= TrA+TrB� 2Tr(AB)
1
2
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•  is not necessarily PSD.A−t∇A𝔅2(A, B)



Can we avoid projections?

27

•  is not necessarily PSD.A−t∇A𝔅2(A, B)

• Classic workaround: . Effect on gradient methods?A = Π(LA) def= LAL⊤
A

rLA
1
2B

2(LALA
T ,B) =

�
I�TAB

�
LA
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[BM&Cuturi’18]



Extrapolation
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IV. Applications



Elliptical Word Embeddings

30

min ∑
(w,c)∈ℛ

[M − ([μw, μc]𝔅 − [μw, μc′ ]𝔅)]+

« Skipgram-like » model :  

• Sliding window of size 10, extract positive pairs  

• Sample negative pairs 

• Optimize 

(w, c) ∈ ℛ

(w, c′ ) ∉ ℛ

where [α, β]𝔅 := ⟨a, b⟩ + Tr (A
1
2 BA

1
2)

1
2

is a Bures generalization of the dot product

• Trained over Wackypedia + UkWac : 3 billion tokens

ALL MODELS ARE WRONG BUT SOME ARE USEFUL

ALL MODELS ARE WRONG BUT SOME ARE USEFUL

ALL MODELS ARE WRONG BUT SOME ARE USEFUL
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• [BM&Cuturi’18]



Word Embeddings: visualization

31



Word Embeddings: Similarity Evaluation

32

Dataset W2G/45/C Ell/12/BC
SimLex 33.28 24.09
WordSim 62.52 66.02

WordSim-R 69.37 71.07
WordSim-S 57.56 60.58

MEN 61.5 65.58
MC 79.5 65.95
RG 67.61 65.58
YP 20.86 25.14

MT-287 61.71 59.53
MT-771 58.11 56.78
RW 30.62 29.04
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Spearman rank correlation with human scores
Comparison with [Vilnis & McCallum’15]



Hypernymy embeddings

33

A is a hypernym of B if every B is an A 

• Ex: ‘mammal’ > ‘dog’  

• WordNet Dataset: 743,251 relations, 82,115 distinct nouns

Comparison with [Nickel & Kiela’17]



Other applications

34

• Robust (min/max) estimation of inverse covariance matrices [Nguyen et al.’18]

• Extension to the subspace constraints: [BM&Cuturi’19]

• Distributionally robust Kalhman filtering [Abadeh et al.’18]

• GANs:  Fréchet Inception Distance (FID) [Heusel et al.’17]



Extensions



Subspace-Optimal Transport

Let E a subspace,            an (optimal) transport on E

36

S : E → E

ΠE(μ, ν) def= {γ ∈ Π(μ, ν) : γE = (IdE, S)♯μE}

Def. The class of E-optimal transport plans from μ to ν is

where μE
def= (pE)♯(μ), νE

def= (pE)♯(ν), γE
def= (pE, pE)♯(γ)



A quick reminder

37

Def. Disintegration of μ on E : (μxE
)xE∈E s.t.

∀f ∈ Cb(ℝd), ∫ fdμ = ∫ (∫ f(xE, xE⊥)dμxE
(xE⊥)) dμE(xE)

∀xE ∈ E, μxE
 is supported on {xE} × E⊥

∀g ∈ Cb(E), xE → ∫E⊥

gμxE
 is Borel-measurable

Notation: μ = μxE
⊗ μE



Degrees of freedom in         ?

•    is supported on 

38

γE 𝒢(S) def= {(xE, S(xE)) : xE ∈ E}

is fully characterised by its disintegrations ⟹ γ γ(xE,S(xE)), xE ∈ E

ΠE(μ, ν)



Monge-Independent Transport
•  Extend     with independent couplings 

39

μxE
⊗ νS(xE)γE
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where μE
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⊗ νS(xE)) ⊗ (IdE, S)♯μE

Def. Monge-Independent (MI) transport plan: 

where μE
def= (pE)♯(μ), νE

def= (pE)♯(ν), S Monge map from μE to νE, γE = (IdE, S)♯μE

μxE
⊗ νS(xE)γE

Prop. Let μ, ν ∈ P(ℝd) be a.c. and compactly supported, 

μn, νn, n ≥ 0 uniform over n i.i.d samples,  πn ∈ ΠE(μn, νn), n ≥ 0

Then πn ⇀ πMI
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πMI(μ, ν) def= (μxE
⊗ νS(xE)) ⊗ (IdE, S)♯μE

Def. Monge-Independent (MI) transport plan: 

where μE
def= (pE)♯(μ), νE

def= (pE)♯(ν), S Monge map from μE to νE, γE = (IdE, S)♯μE

μxE
⊗ νS(xE)γE

Prop. Let μ, ν ∈ P(ℝd) be a.c. and compactly supported, 

μn, νn, n ≥ 0 uniform over n i.i.d samples,  πn ∈ ΠE(μn, νn), n ≥ 0

Then πn ⇀ πMI

MI is naturally obtained as the limit of discrete sampling.



Monge-Knothe Transport
•  Extend      with optimal couplings between     and

40

νS(xE)γE μxE

Let ∀xE ∈ ̂T(xE; ⋅ ) : E⊥ → E⊥ be the Monge map from μxE
 to νS(E)
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Let ∀xE ∈ ̂T(xE; ⋅ ) : E⊥ → E⊥ be the Monge map from μxE
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Def. Monge-Knothe (MK) transport map: 
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Monge-Knothe Transport
•  Extend      with optimal couplings between     and

40

νS(xE)γE μxE

Let ∀xE ∈ ̂T(xE; ⋅ ) : E⊥ → E⊥ be the Monge map from μxE
 to νS(E)

Prop. The Monge-Knothe plan is optimal in ΠE(μ, ν),  namely 

πMK ∈ arg min
γ∈ΠE(μ,ν)

𝔼(X,Y)∼γ[∥X − Y∥2]

where, πMK
def= (Idℝd, TMK)♯μ

Def. Monge-Knothe (MK) transport map: 

TMK(xE, xE⊥) def= (S(xE), ̂T(xE; xE⊥)) ∈ E ⊕ E⊥



W2
2(α, β) = ∥mα − mβ∥2

2 + 𝔅2(varα, varβ)

𝔅2(A, B) def= Tr(A + B−2(A
1
2 BA

1
2 )

1
2 ) is the (squared) Bures distance
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Prop. If α, β ∈ P(ℝd) are elliptical distributions with varα = A, varβ = B, then

is the optimal Monge mapT(x) = mβ + TAB(x − mα)

where TAB def= A−
1
2 (A
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2  is such that TABATAB = B and TAB ∈ PSD
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Prop. 

A = (
AE AEE⊥

A⊤
EE⊥ AE⊥ ), B = (

BE BEE⊥

B⊤
EE⊥ BE⊥ )

From now on: μ = 𝒩(0d, A), ν = 𝒩(0d, B)

(VE VE⊥) orthonormal basis of E ⊕ E⊥

Let C def= (VEAE + VE⊥A⊤
EE⊥) TAEBE (VE⊤ + (BE)−1BEE⊥V⊤

E⊥)  and Σ def= ( A C
C⊤ B)

Then πMK(μ, ν) = 𝒩(02d, Σ) ∈ 𝒫(ℝd × ℝd)

where TAB def= A−
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Monge interpolation

MK interpolation

Prop.  TMK = (
TAEBE 0k×(d−k)

[B⊤
EE⊥(TAEBE)−1 − T(A/AE)(B/BE)A⊤

EE⊥](AE)−1 T(A/AE)(B/BE))
where A /AE

def= AE⊥ − A⊤
EE⊥A−1

E AEE⊥ is the Schur complement of A w.r.t. AE and TAB def= A−
1
2 (A

1
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Word Context 1 Context 2 Di↵erence

instrument monitor oboe cathode, monitor, sampler, rca, watts, instrumentation, telescope, synthesizer, ambient

oboe monitor tuned, trombone, guitar, harmonic, octave, baritone, clarinet, saxophone, virtuoso

windows pc door netscape, installer, doubleclick, burner, installs, adapter, router, cpus

door pc screwed, recessed, rails, ceilings, tiling, upvc, profiled, roofs

fox media hedgehog Penny, quiz, Whitman, outraged, Tinker, ads, Keating, Palin, show

hedgehog media panther, reintroduced, kangaroo, Harriet, fair, hedgehog, bush, paw, bunny
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Influence of context c on the nearest neighbours - Symmetric differences:


